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Part I

Exploring gravity in our Universe
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The measurement of the gravitational wave signal is a formidable window on
Einstein theory of gravity and possibly beyond.
Ultimatly this would tell us how good we understand gravity both in the
weak and strong coupling regimes.
▶ The activation of scalar fields
▶ Gravitational leakage into large extra dimensions
▶ Higher-derivative corrections from UV completion
▶ Probing effects on the propagation of gravitational waves
▶ Test of the strong equivalence principle
▶ Quantum corrections . . .
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Current O4 events (https://gracedb.ligo.org/)

LIGO Hanford LIGO Livingston VIRGO KAGRA GEO600
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Lower mass gap: GW190711_030756

The LIGO/Virgo collaboration has indeed identified three candidate
gravitational wave events from their third observing run (O3) with
component masses potentially falling within the lower mass gap, which lies
between the heaviest known neutron stars and the lightest black holes.

This is puzzling because there are very little observed candidates black holes
of few solar masses above the maximum possible neutron star mass.

The origin of these small black holes is unclear. They may have been created
via the merging of binary neutron star systems, rather than stellar collapse.

These events, if confirmed, could provide valuable insights into the formation
and evolution of compact objects and the nature of the mass gap
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Upper mass gap: GW231123

On 23 November 2023, LIGO has detected the largest binary black hole
merger (GW231123) with a black hole of 225 Solar masses for the merger

This even particularly puzzling

One or both of the objects involved in the merger may have been in the black
hole upper mass gap questioning the current understanding of stellar
evolution that predict that black holes with a mass between 60 and 130 Solar
masses should extremely rare or forbidden.

Their spin is the highest value observed and close to the external bound

One possible explanation is that these black holes have been created by
previous black hole mergers. But they need to have been created in an
extremely dense astrophysical environment
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A new area of Precision Gravity

There are three main analytical approximation methods for describing the
two-body dynamics during the inspiral phase
1 the post-Newtonian expansion valid for (v/c)2 ≃ GN (m1 +m2)/(rc2)≪ 1
2 the post-Minkowskian expansion valid for weak field
GN (m1 +m2)/(rc2)≪ 1 but all values of velocities
γ = 1/

√
1− (v/c)2 ∈ [1,+∞[

3 self-force expansion for small mass ratio ν =m/M ≪ 1 for all order in GN
In this Lecture we will present two new formalisms for the point 2 & 3
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Two-body gravitational interactions

The post-Minkowskian expansion gives analytic expression valid from the
static case γ = 1 to the ultra-relativistic Amati-Ciafaloni-Veneziano regime
γ →∞. The match is obtained only if one includes gravitational radiation
[Damour; di Vecchia, Heissenberg, Russo, Veneziano; Bjerrum-Bohr, Damgaard, Planté, Vanhove; Driesse et al.]
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The scattering angle till 5PM (4
loops) and 1SF order
O(m1m2/(m1 +m2)2)

“Emergence of Calabi-Yau
manifolds in high-precision black
hole scattering” — Mathias Driesse,
Gustav Uhre Jakobsen, Albrecht
Klemm, Gustav Mogull, Christoph
Nega, Jan Plefka, Benjamin Sauer,
Johann Usovitsch —
arXiv:2411.11846
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Part II

From scattering amplitudes to

Post-Minkowskian expansion
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Post-Minkowskian Hamiltonian

The question of emission of gravitational radiation is a non-relativistic bound
state problem

Ĥ|ψ⟩ = E|ψ⟩; Ĥ =
p2

2m
+ V̂ (r); Ĥ(r) = −GN

1̂
r

+ · · ·

▶ For E > 0 this is the scattering regime we have plane-waves and a
continuous spectrum

▶ For E < 0 we have the bound state regime we have normalized
wavefunctions and a discrete spectrum

Pierre Vanhove (IPhT) Gravity S-matrix 25 july 2025 12 / 65



Post-Minkowskian Hamiltonian

A relativistic Hamiltonian for the two-body dynamics in centre-of-mass

ĤPM(γ,r) =
√
p̂2 +m2

1 +
√
p̂2 +m2

2 + V̂PM(γ,r),

with a relativistic potential organised in a series of Newton’s constant GN

VPM(γ,r) =
∑
L≥0

GL+1
N m2

1m
2
2

rL+1

∑
r1+r2=L

vr1,r2(γ)mr11 m
r2
2

which is the general relativity correction to Newton’s potential L = 0

V1(γ,r) = − GN
E1E2

m2
1m

2
2

r
(2γ2 − 1) γ =

p1 · p2

m1m2
=

1√
1− v⃗2

c2

≥ 1
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Classical physics from quantum loops

We seek quantum gravity formalism where the classical limit ℏ→ 0 gives the
general relativity potential

lim
ℏ→0 p1 p2

p02p01

<latexit sha1_base64="wamjZnkmvP6bFRDiGgtS4qRVkug="></latexit>

→ML(γ,q2)→VL+1(p,r)
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Perturbative gravity
Classical physics from quantum loops

p1, m1, S1

p2, m2, S2

p01, m1, S1

p02, m2, S2

~q

Considering quantized massive fields interacting
gravitationally by exchanging massless gravitons and
remembering that the QFT propagator has inverse ~ that the
traditional counting disregards

[Itzykson & Zuber “Quantum Field Theory”, §6-2-1 page 288]

We will be considering the pure gravitational interaction between massive
and massless matter of various spin gµν = ηµν +

√
32πGNhµν

S =
∫
d4x
√−g

− R
16πGN

+
1
2

2∑
a=1

(
gµν∂µφa∂νφa −m2

aφ
2
a

)
Evaluating the quantum scattering S-matrix

MGR(p1 · p2,q,ℏ) = ⟨p1,p2

∣∣∣∣∣ iℏ T̂
∣∣∣∣∣p′1,p′2⟩ =

∑
L≥0

GL+1
N ML(p1 · p2,q,ℏ)
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Gravity effective field theories

We want to develop a formalism that allows to get precise classical
post-Minkowskian results but as well is suited for effective field theory
extensions of Einstein gravity

We will be working in the context of an effective field theory assuming: [Donoghue]

▶ Standard QFT (local, unitary, lorentz invariant, . . . )
▶ The low-energy DOF: graviton, usual matter fields
▶ Standard symmetries: General relativity as we know it

Sef f = Sgravity
ef f +Smatter

ef f

Sgravity
ef f =

1
16πGN

∫
d4x
√
gR+ · · ·

Particles couple to a unique metric gµν : Smatter
ef f (ψi , gµν)
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Why use amplitude based methods?

▶ Recycle knowledge and techniques from particle physics: Efficient
amplitude construction : generalised unitarity, double copy, Heavy-Mass
Effective Field Theory, algorithms for Feynman integrals computation to
high-loop orders ( IBP, differential equations, algebraic geometry, . . . )

▶ Clean setup to treat divergencies from IR gravitons
▶ Recasting the perturbation of classical GR allows to overcome problems

of traditional methods: e.g. Kovac-Thorne could not get a closed form
formula for the gravitational bremsstrahlung, but amplitude based
technique gave it from a unitarity computation at 2-loops [Hermann et al.; Mougiakakos

et al.; Jakobsen et al.; di Vecchia et al.]
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Point particle approximation

We are using the point particle approximation for describing the binary
system (black holes or neutron stars). This is a good approximation till the
6th post-Newtonian order after which finite size effects will be needed.
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Many conceptual puzzles, many computational challenges need to be resolved
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Equations of motion for compact binary systems in general relativity: Do they depend
on the bodies’ internal structure at the third post-Newtonian order?

Clifford M. Will1, 2, ∗

1Department of Physics, University of Florida, Gainesville, Florida 32611, USA
2GReCO, Institut d’Astrophysique de Paris, CNRS,

Université Pierre et Marie Curie, 98 bis Boulevard Arago, 75014 Paris, France
(Dated: March 6, 2025)

We present and discuss the possibility, derived from work carried out 20 years ago, that the
equations of motion for compact binary neutron stars at the third post-Newtonian (3PN) order
in general relativity might actually depend on the internal structure of the bodies. These effects
involve integrals over the density and internal gravitational potentials of the bodies that are inde-
pendent of the mass and radius of the bodies, but dependent on their equations of state. These
effects could alter the coefficients in the 3PN equations derived using “point mass” methods by as
much as 100 percent. They were found in independent calculations done at Washington Univer-
sity using the Direct Integration of the Relaxed Einstein Equations (DIRE) approach, and at the
Institut d’Astrophysique de Paris using the Multipolar post-Minkowskian (MPPM) approach. Nei-
ther calculation was completed because of the enormous complexity of the algebraic computations
and the limitations of software of the day (Maple, Mathematica), and because of an assumption
(hope) that the effects would somehow cancel or be removable by some transformation. If these
structure-dependent effects are real, but are not incorporated into gravitational waveforms, they
could severely impact efforts using next-generation gravitational-wave interferometers to extract in-
formation about the equation of state for neutron star matter from gravitational-wave signals from
binary neutron star or black hole-neutron star mergers. Conversely, if they exactly cancel or can
be absorbed into renormalized masses or shifted positions of each body, this would provide further
support for the Strong Equivalence Principle of general relativity.

PACS numbers:

I. INTRODUCTION AND SUMMARY

Gravitational-wave science has reached a level of ma-
turity and excitement that have exceeded even the most
optimistic expectations of gravitational physicists at the
turn of the millennium. The network of laser interfero-
metric gravitational observatories, LIGO, Virgo and Ka-
gra, have detected more than 80 binary black hole merg-
ers, two double neutron star mergers and three black-hole
neutron-star mergers [1]. Pulsar timing array collabora-
tions have reported evidence for a stochastic background
of “nanohertz” gravitational waves [2]. The space inter-
ferometer LISA is on track for construction and launch in
the mid-2030’s. Planning has begun for design and con-
struction of “next-generation” ground-based interferom-
eters, such as Einstein Telescope and Cosmic Explorer,
to make observations with roughly 10 times the strain
sensitivity of the current advanced devices [3, 4].

For the ground-based interferometers, the process of
detecting gravitational waves and extracting useful sci-
ence from them relies upon theoretical template wave-
forms calculated from general relativity that are as accu-
rate and faithful to the “true” waveform as can be prac-
ticably achieved. In the early inspiral regime, the wave-
forms are obtained using post-Newtonian (PN) theory,

∗Electronic address: cmw@phys.ufl.edu

which is, roughly speaking, an expansion of Einstein’s
equations in powers of (v/c)2 → (Gm/rc2), where m, v
and r are the characteristic mass, velocity and separa-
tion within the system and G and c are the gravitational
constant and speed of light (for a recent review of these
methods, see [5]). In the strong-field merger regime, nu-
merical relativity must be used, and in the post-merger
regime, black hole perturbation theory must be used, to
obtain the quasinormal mode “ringdown” waveforms. To
connect these regimes, techniques such as the “effective
one-body” approach have been important. The success
of this approach has been undeniable, with the numer-
ous detections of mergers, the measurement of masses
and spins, the estimates of populations and formation
channels, and so on.

The inspiral part of the waveforms contain an assump-
tion that often goes unstated, but that is very important,
namely that the equations of motion and the gravita-
tional waveforms of non-spinning bodies are independent
of the internal structure of the bodies (for rotating bodies
the effects of spin can be included by established tech-
niques). This assumption is not absolute, of course, be-
cause it is well recognized that bodies exert tidal forces
on one another, and the response to these forces (as in
the Earth-Moon system, for example) depends strongly
on the bodies’ internal structure. But black holes and
neutron stars are extremely small, and therefore tidal in-
teractions are not expected to be important until very
late in the inspiral (and for black holes, probably not
at all, at least until the stage when numerical relativity
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From amplitudes to post-Minkowskian potential

Setting

ĤPM(γ,r) = Ĥ0 + V̂PM; Ĥ0 :=
√
p̂2 +m2

1 +
√
p̂2 +m2

2

Ĝ := (Ep − ĤPM + iϵ)−1; Ĝ0 := (Ep − Ĥ0 + iϵ)−1; T̂ := V̂PM + V̂PMĜV̂PM

The Lippmann-Schwinger equations relate the matrix elements of T̂ with the
ones of V̂

⟨p|T̂ |p′⟩ = ⟨p|V̂PM|p′⟩+
∫

d3ℓ

(2π)3
⟨p|V̂PM|ℓ⟩⟨ℓ|T̂ |p′⟩
Ep −Eℓ + iϵ

Expanding V̂PM in perturbation in GN we can evaluate

⟨p|V̂PM|p′⟩ = ⟨p|T̂ |p′⟩ −
∫

d3ℓ

(2π)3
⟨p|T̂ |ℓ⟩⟨ℓ|T̂ |p′⟩
Ep −Eℓ + iϵ

+ · · ·

When doing a scattering process the scattering amplitude is

i
ℏ
⟨p|T̂ |p′⟩ =M(p,p′)

we then have a fully relativitic potential order by order in perturbation in GN
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One graviton exchange : tree-level (1PM)

M0 = −16πGNℏ
2(p1 · p2)2 −m2

1m
2
2 − |ℏq⃗ |2(p1 · p2)]

|ℏq⃗ |2

The ℏ expansion of the tree-level amplitude using q := ℏq

M0 =
M(−1)

1 (γ)
ℏ|⃗q|2

+ ℏ4πGNp1 · p2

The relativistic classical Newtonian potential is obtained by taking the
Fourier transform

V1(γ,r) =
∫ d3q⃗

(2π)3
1

4E1E2

M(−1)
1 (γ)
|⃗q|2

eiq⃗·⃗r = −
GNm

2
1m

2
2

E1E2

2γ2 − 1
r

The higher order in q2 is the quantum contact interaction of order ℏ
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Classical physics from loops : One-loop (2PM)

The Klein-Gordon equation reads(
□− m

2c2

ℏ2

)
φ = 0

The triangle with a massive leg p2
1 = p2

2 =m2 reads

∫
G2
Nµ

2ϵ d4−2ϵℓ

(ℓ + p1)2(ℓ2 − m2c2

ℏ2 )(ℓ − p2)2

∣∣∣∣∣∣∣
finite part

∼
G2
N

m2

log
(
q2

µ2

)
+
π2mc

ℏ
√
q2


This one-loop amplitude contains [Iwasaki, Holstein, Donoghue, Bjerrum-Bohr, Vanhove]

▶ The classical 2nd post-Minkowskian correction G2
N /r

2 to Newton’s
potential of order 1/ℏ

▶ An infrared quantum correction of order ℏ0
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Classical physics from loops : ℏ counting (All PM)

The classical limit ℏ→ 0 fixed q≪m1,m2 of the amplitude [Bjerrum-Bohr, Damgaard,

Vanhove, Planté]

ML(γ,q2,ℏ) =
M(L+1)

L (γ)

ℏL+1|q|2+ L(4−D)
2

+ · · ·+
M(−1)

L (γ)

ℏ|q|2−L+ L(4−D)
2

+O(ℏ0)

▶ A classical contribution of order 1/ℏ from all loop orders
▶ The dimensional regularisation scheme gives a control of the IR

divergences from radiation [Di Vecchia, Heissenberg, Russo, Veneziano; Parra-Martinez et al.;

Bjerrum-Bohr et al.]

▶ The computation is explicitly relativistic invariant

Pierre Vanhove (IPhT) Gravity S-matrix 25 july 2025 23 / 65



Classical physics from loops : ℏ counting

The connection between quantum scattering and classical gravitational
physics has forced to rethink the S matrix for dealing with the ℏ expansion
[Damgaard, Planté, Vanhove]

Ŝ = I+
i
ℏ
T̂ =: exp

(
iN̂
ℏ

)
doing the Dyson expansion with the conservative and radiation part

T̂ = GN
∑
L≥0

GLN T̂L +G
1
2
N

∑
L≥0

GLN T̂
rad
L , N̂ = GN

∑
L≥0

GLN N̂L +G
1
2
N

∑
L≥0

GLN N̂
rad
L

with the completeness relation that includes all the exchange of gravitons

I =
∞∑
n=0

1
n!

∫
dDk1

(2πℏ)D−1 δ
+(k2

1 −m
2
1)

dDk2

(2πℏ)D−1 δ
+(k2

2 −m
2
2)

× dD−1ℓ1

(2πℏ)D−1
1

2Eℓ1

· · · d
D−1ℓn

(2πℏ)D−1
1

2Eℓn
× |k1, k2;ℓ1, . . . , ℓn⟩⟨ℓ1, . . . , ℓn;k1, k2|
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Exponential formalism

Solving the relation between the operator N̂ and T̂

N̂0 = T̂0

N̂ rad
0 = T̂ rad

0

N̂1 = T̂1 −
i

2ℏ
T̂ 2

0

N̂ rad
1 = T̂ rad

1 − i
2ℏ

(
T̂0T̂

rad
0 + T̂ rad

0 T̂0

)
N̂2 = T̂2 −

i
2ℏ

(T̂ rad
0 )2 − i

2ℏ
(T̂0T̂1 + T̂1T̂0)− 1

3ℏ2 T̂
3
0

Taking the vaccum expectation values between the ‘in’ state |in⟩ = |p1,p2⟩ and
the ‘out’ state |out⟩ = |p′1,p

′
2⟩

⟨p1,p2|N̂0|p′1,p
′
2⟩ = ⟨p1,p2|T̂0|p′1,p

′
2⟩

⟨p1,p2|N̂ rad
0 |p′1,p

′
2⟩ = 0 no graviton in the out state
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Exponential formalism : One-loop

⟨p1,p2|N̂1|p′1,p
′
2⟩ = ⟨p1,p2|T̂1|p′1,p

′
2⟩ −

i
2ℏ
⟨p1,p2|T̂0IT̂0|p′1,p

′
2⟩

<latexit sha1_base64="SAKJ0Hvn64iqxC42aEEfDjd0bGQ="></latexit>

+
<latexit sha1_base64="oOSHzyFUc2wYQDaC6H7LHzOX8wA="></latexit> p1

<latexit sha1_base64="5dnEdjrLX3+7aRKhqP90dg77yAA="></latexit> p2

<latexit sha1_base64="xQWlwihcV57tfTM6zDAPpYbYDc8="></latexit>

p→1

<latexit sha1_base64="BPikegb7rRsrzqqhYThBalW/kAs="></latexit>

p→2

<latexit sha1_base64="aXX6p0Rmet3/JwYgXD/1mY5zCvo="></latexit>

T1
<latexit sha1_base64="gagRwvHawNUlQHDU1mcO2EprNgM="></latexit>

T0

<latexit sha1_base64="gagRwvHawNUlQHDU1mcO2EprNgM="></latexit>

T0

<latexit sha1_base64="xQWlwihcV57tfTM6zDAPpYbYDc8="></latexit>

p→1

<latexit sha1_base64="BPikegb7rRsrzqqhYThBalW/kAs="></latexit>

p→2

<latexit sha1_base64="oOSHzyFUc2wYQDaC6H7LHzOX8wA="></latexit> p1

<latexit sha1_base64="5dnEdjrLX3+7aRKhqP90dg77yAA="></latexit> p2

<latexit sha1_base64="UuclMuFsr87zoFbWkqcavlvg+aU="></latexit>

k1

<latexit sha1_base64="j8ah9oEtM5J9DjOk4qS3OPVTEPs="></latexit>

k2

I =
∞∑
n=0

1
n!

∫
dDk1

(2πℏ)D−1 δ
+(k2

1 −m
2
1)

dDk2

(2πℏ)D−1 δ
+(k2

2 −m
2
2)

× dD−1ℓ1

(2πℏ)D−1
1

2Eℓ1

· · · d
D−1ℓn

(2πℏ)D−1
1

2Eℓn
× |k1, k2;ℓ1, . . . , ℓn⟩⟨ℓ1, . . . , ℓn;k1, k2|

At one-loop the textbook amplitude has the small ℏ expansion

i
ℏ
⟨p1,p2|T̂1|p′1,p

′
2⟩ = M1(γ,q2,ℏ) =

M(2)
L (γ)

ℏ2|q|2+ 4−D
2

+
M(−1)

L (γ)

ℏ|q|2−L+ 4−D
2

+O(ℏ0)

The 1/ℏ2 piece is subtracted

⟨p1,p2|N̂1|p′1,p
′
2⟩ =

M(−1)
L (γ)

|q|2−L+ 4−D
2

+O(ℏ)
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Velocity cuts

Velocity cuts

The relation between N̂ and T̂ substracts the superclassical terms

N̂3 = T̂3 -
i

2 h
(N̂rad

1 N̂rad
0 + N̂rad

0 N̂rad
1 ) -

i
2 h

T̂2
1 -

i
2 h

(T̂0T̂2 + T̂2T̂0)

-
1

12 h2 [N̂rad
0 , [N̂rad

0 , N̂0]] -
1

3 h2 (T̂2
0 T̂1 + T̂0T̂1T̂0 + T̂1T̂2

0 ) +
i

4 h3 T̂4
0 .

Two virtual gravitons exchanges

including a sum over graviton helicities. Here d� is the standard Lorentz invariant
phase space measure, i.e.,

d�ki
=

dDki

(2��)D�1
�+((ki)

2 � m2
i ) =

dDki

(2��)D�1
�(k0

i )�((ki)
2 � m2

i ) for i = 1, 2

(2.12)
for the massive states, and similarly for the massless gravitons.

We now insert the completeness relation between all operator products to get
the three-loop relation between matrix elements of the N̂ and the T̂ operators

hp�1, p�2|N̂3|p1, p2i = hp�1, p�2|T̂3|p1, p2i + L0 + L1 + L2 (2.13)

which we then expand in powers of G. Keeping track of this overall power of G, we
can view it as an expansion in the number of gravitons connecting the operators.
First, with just the massive states inserted,

L0 = � i

2
T0 T2 � i

2
T2 T0 � i

2
T1 T1

+
i

4
T0 T0 T0 T0 �1

3
T0 T0 T1

� 1

3
T0 T1 T0 � 1

3
T1 T0 T0 (2.14)

Next, with the inclusion of one graviton,

L1 = � i

2
N rad

0 N rad
1 � i

2
N rad

1 N rad
0

� 1

12
N rad

0 N rad
0 N0 +

1

6
N rad

0 N0 N rad
0

� 1

12
N0 N rad

0 N rad
0 (2.15)

as well as one graviton inserted twice:

L2 =
1

6
N rad

0 N0 N rad
0 +

1

6
N rad

0 N0 N rad
0

Note that the completeness relation enforces the inclusion of graph topologies that
are partly disconnected, such as the graviton line skipping one internal operator

– 7 –The insertion of complete state induces velocity cuts on the massive line:

�+((p1 +  hq)2 - m2
1) =

�(2p1 · q)

 h
+ O

✓
1
 h2

◆
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I =
∞∑
n=0

1
n!

∫
dDk1

(2πℏ)D−1 δ
+(k2

1 −m
2
1)

dDk2

(2πℏ)D−1 δ
+(k2

2 −m
2
2)

× dD−1ℓ1

(2πℏ)D−1
1

2Eℓ1

· · · d
D−1ℓn

(2πℏ)D−1
1

2Eℓn
× |k1, k2;ℓ1, . . . , ℓn⟩⟨ℓ1, . . . , ℓn;k1, k2|

The insertion of complete state induces velocity cuts on the massive line:

δ+((p1 + ℏq)2 −m2
1) = δ+(2ℏp1 · q+ ℏ2q2) =

δ(2p1 · q)

ℏ
+O(1/ℏ2)
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Exponential formalism

The higher powers of 1/ℏ are more singular than the classical contribution,
but are needed for the consistency of the full quantum amplitude and the
correct exponentiation of the amplitude

⟨p1,p2|N̂1|p′1,p
′
2⟩ = ⟨p1,p2|T̂1|p′1,p

′
2⟩ −

i
2ℏ
⟨p1,p2|T̂0T̂0|p′1,p

′
2⟩

⟨p1,p2|N̂2|p′1,p
′
2⟩ = ⟨p1,p2|T̂2|p′1,p

′
2⟩ −

i
2ℏ
⟨p1,p2|(T̂ rad

0 )2|p′1,p
′
2⟩

− i
2ℏ
⟨p1,p2|T̂0T̂1 + T̂1T̂0|p′1,p

′
2⟩ −

1
3ℏ2 ⟨p1,p2|T̂ 3

0 |p
′
1,p
′
2⟩

And they are such that the vaccuum expectation values of the operator N̂ is
well defined gives the classical limit [Damgaard, Planté, Vanhove]

⟨p1,p2|N̂L|p′1,p
′
2⟩ =N classical

L (p1,p2,p
′
1,p
′
2) +O(ℏ)
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The N̂ operator upto 1PM and 2PM

Ŝ = exp
(
iN̂
ℏ

)
, N classical(γ,q2) := lim

ℏ→0
⟨p1,p2|N̂ |p′1,p

′
2⟩

Ñ (γ,J) :=
∫

dD−2q

(2π)D−2

N (γ,q2)

4m1m2
√
γ2 − 1

ei
J ·q
p∞ ; p∞ =

m1m2
√
γ2 − 1√

m2
1 +m2

2 + 2m1m2γ

with the result evaluated at tree-level and one-loop using dimensional
regularisation D = 4− 2ϵ

Ñ1PM (γ,J) =
GNm1m2(2γ2 − 1)√

γ2 − 1
Γ (−ϵ)J2ϵ

Ñ2PM (γ,J) =
3πG2

Nm
2
1m

2
2(m1 +m2)(5γ2 − 1)

4
√

(p1 + p2)2

1
J

The 1PM (tree-level) and 2PM (one-loop) contributions are the same as for a
test mass in the Schwarzschild black hole of mass M =m1 +m2.
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The N̂ operator at 3PM

Ñ3PM (γ,J) =
G3
Nm

3
1m

3
2

√
γ2 − 1

sJ2 ×
 s(64γ6 − 120γ4 + 60γ2 − 5)

3(γ2 − 1)2

−
4m1m2γ(14γ2 + 25)

3
+

4m1m2(3 + 12γ2 − 4γ4)arccosh(γ)√
γ2 − 1

+
2m1m2(2γ2 − 1)2√

γ2 − 1

 8− 5γ2

3(γ2 − 1)
+
γ(2γ2 − 1)arccosh(γ)

(γ2 − 1)
3
2


At 3PM (two-loop) new phenomena arise
▶ The conservative part deviates from Schwarzschild as we have

contributions which depends (linearly) on the relative mass ν = m1m2
(m1+m2)2

▶ And the important Radiation-reaction terms for the correct high-energy
behaviour [Bjerrum-Bohr et al., Para-Martinez et al.; Damour; di Vecchia, Heissenberg, Russo, Veneziano]
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Classical observables

The change in an observable Ô is given by the [Kosower, Maybee, O’Connel] expression
⟨∆Ô⟩ := ⟨out|Ô|out⟩ − ⟨in|Ô|in⟩

⟨∆Ô⟩(p1,p2, r) =
∫ dD (ℏq)

(2π)D−2 δ(2ℏp1 ·q−ℏ2q2)δ(2ℏp2 ·q+ℏ2q2)eir·q⟨p′1,p
′
2|Ô|p1,p2⟩

which can be expanded using the N̂ -operator

⟨∆Ô⟩ = ⟨in|Ŝ†ÔŜ − Ô|in⟩ =
∑
n≥1

(−i)n

ℏnn!
⟨in| [N̂ , [N̂ , . . . , [N̂ , Ô], . . . , ]]︸                       ︷︷                       ︸

n times

|in⟩

Because the v.e.v is expressed in terms of nested commutator involving the N̂
operator, we have that the ℏ→ 0 limit gives directly the classical answer
[Damgaard, Planté, Vanhove]

⟨∆Ô⟩ = ∆Oclassical(p1,p2, r) +O(ℏ)

with the exponential representation all superclassical pieces cancel
automatically
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The radial action

Applying the previous formalism to the momentum kick Ôµ = P̂
µ
1 gives in the

conservative sector [Bjerrum-Bohr, Damgaard, Planté, Vanhove]

∆P̃
µ
1 (γ,r)|cons = −

p∞r
µ

|r |
sin

(
−
∂Ñ (γ,J)
∂J

)
+ p2
∞L

µ

(
cos

(
−
∂Ñ (γ,J)
∂J

)
− 1

)
with the angular momentum

Lµ :=
(m1γ +m2)m2p

µ
1 −m1(m1 +m2γ)p

µ
2

(m1m2)2(γ2 − 1)
; p2

∞L
2 = 1
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The radial action in classical mechanics

In classical mechanics the scattering of a particle against another one (in the
frame of one of the particle)the spherically invariant Hamiltonian

H =
p2

2m
+V (r); p2 = p2

r +
J2

r2 ; J2 =
p2
θ + p2

φ

sin(θ)2

The Hamilton-Jacobi equation for the radial contribution can be rewritten as

1
2m

(
dS(r,θ)
dr

)2

+
J2

2mr2 +V (r) = E

with the radial action

S(r,θ) := Jθ +N (r, J); N (r, J) :=
∫ √

2m(E −V )− J2/r2dr
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The radial action in classical mechanics

The orbit equation is obtained by differantiatng with respect to J and using
that dS(r,θ)/dJ = 0

θ = −dN (r, J)
dJ

=
∫ ∞
rmin

J√
2m(E −V )− J2/r2

dr

r2

The deflection angle is Θ = π −θ. Comparing with the expression for ∆P
µ
1

this deduce that in the conservative sector the Ñ (γ,J) is the radial action used
by [Landau, Lifshitz; Damour] for computing the scattering angle in classical GR

χ(γ,J) = −
∂Ñ (γ,J)
∂J

=
∞∑
L=0

(GNm1m2

J

)L+1
χ

(L+1)
cons (γ)
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Part III

Black hole metric
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Classical solution from quantum fields

In 1973 Duff asked the question
about the classical limit of
quantum gravity. He showed
how to reproduce the
Schwarzschild back hole metric
from quantum tree graphs to
G3
N order

Since then the relation between
quantum and classical gravity
in amplitude have been
rethought with new insights
[Donoghue, Holstein], [Bjerrum-Bohr, Damgaard,

Festuccia, Planté, Vanhove], [Kosower, Maybee,

O’Connell], [Mougiakakos, Vanhove]
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Black hole metric from amplitudes

Black hole metric are extracted from the three-point vertex function
▶ Schwarzschild black hole: Scalar field S = 0, mass M
▶ Reissner-Nordström black hole: Scalar field S = 0, charge Q, mass M
▶ Kerr-Newman black hole: Fermionic field S = 1

2 , charge Q, mass M
the mostly negative signature (+,�, · · · ,�) metric.

The graviton emission from a scalar particle of mass p2
1 = p2

2 = m2 is given by the

three-point vertex function

M3(p1, q) =

p1

q

p2

. (2.2)

At each loop order we extract the l-loop contribution to the transition density of the

stress-energy tensor hTµ⌫(q
2)i =

P
l�0hT

(l)
µ⌫ (q2)i

M(l)
3 (p1, q) = � i

p
32⇡GN

2
hT (l) µ⌫(q2)i✏µ⌫ (2.3)

where ✏µ⌫ is the polarisation of the graviton with momentum q = p1�p2 is the momentum

transfer.

The scattering amplitude computation is not done in the harmonic gauge coordinates

gµ⌫��
µ⌫(g) = 0 but in the de Donder gauge coordinate system [2, 19, 21, 24, 27]

⌘µ⌫��
µ⌫(g) = ⌘µ⌫g�⇢

✓
@g⇢µ

@x⌫
+

@g⇢⌫
@xµ

� @gµ⌫

@x⇢

◆
= 0 , (2.4)

the metric perturbations gµ⌫ = ⌘µ⌫ +
P

n�1 h
(n)
µ⌫ satisfy1

@

@x�
h�(n)
⌫ � 1

2

@

@x⌫
h(n) = 0 . (2.5)

The de Donder gauge relation between the metric perturbation and the stress-energy tensor

reads

h(l+1)
µ⌫ (~x) = �16⇡GN

Z
dd~q

(2⇡)d
ei~q·~x 1

~q2

✓
hT (l)

µ⌫ iclass.(q2) � 1

d � 1
⌘µ⌫hT (l)iclass.(q2)

◆
. (2.6)

In this relation enters the classical contribution at l loop order hT (l)
µ⌫ iclass.(q2) defined by the

classical limit of the quantum scattering amplitude [10, 12, 13]. From now, we are dropping

the super-script class and just use the notation hT (l)
µ⌫ i(q2) for the classical contribution.

2.1 The classical contribution of the amplitude

In this section we derive the generic form of the classical contribution of the gravity ampli-

tudes (2.2) in the static limit where q = (0, ~q) and ~q2 ⌧ m2. The classical limit is obtained

by taking ~ ! 0 with the momentum transfer q/~ held fixed [13].

1The harmonic gauge linearized at the first order in perturbation gives (2.5) with n = 1. The higher-order

expansions of the harmonic gauge di↵er from these conditions.

– 4 –

= − i
√

32πGN
2

∑
l≥0

⟨T (l)µν(q2)⟩ϵµν
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Black hole metric from amplitudesthe mostly negative signature (+,�, · · · ,�) metric.

The graviton emission from a scalar particle of mass p2
1 = p2

2 = m2 is given by the

three-point vertex function

M3(p1, q) =

p1

q

p2

. (2.2)

At each loop order we extract the l-loop contribution to the transition density of the

stress-energy tensor hTµ⌫(q
2)i =

P
l�0hT

(l)
µ⌫ (q2)i

M(l)
3 (p1, q) = � i

p
32⇡GN

2
hT (l) µ⌫(q2)i✏µ⌫ (2.3)

where ✏µ⌫ is the polarisation of the graviton with momentum q = p1�p2 is the momentum

transfer.

The scattering amplitude computation is not done in the harmonic gauge coordinates

gµ⌫��
µ⌫(g) = 0 but in the de Donder gauge coordinate system [2, 19, 21, 24, 27]

⌘µ⌫��
µ⌫(g) = ⌘µ⌫g�⇢

✓
@g⇢µ

@x⌫
+

@g⇢⌫
@xµ

� @gµ⌫

@x⇢

◆
= 0 , (2.4)

the metric perturbations gµ⌫ = ⌘µ⌫ +
P

n�1 h
(n)
µ⌫ satisfy1

@

@x�
h�(n)
⌫ � 1

2

@

@x⌫
h(n) = 0 . (2.5)

The de Donder gauge relation between the metric perturbation and the stress-energy tensor

reads

h(l+1)
µ⌫ (~x) = �16⇡GN

Z
dd~q

(2⇡)d
ei~q·~x 1

~q2

✓
hT (l)

µ⌫ iclass.(q2) � 1

d � 1
⌘µ⌫hT (l)iclass.(q2)

◆
. (2.6)

In this relation enters the classical contribution at l loop order hT (l)
µ⌫ iclass.(q2) defined by the

classical limit of the quantum scattering amplitude [10, 12, 13]. From now, we are dropping

the super-script class and just use the notation hT (l)
µ⌫ i(q2) for the classical contribution.

2.1 The classical contribution of the amplitude

In this section we derive the generic form of the classical contribution of the gravity ampli-

tudes (2.2) in the static limit where q = (0, ~q) and ~q2 ⌧ m2. The classical limit is obtained

by taking ~ ! 0 with the momentum transfer q/~ held fixed [13].

1The harmonic gauge linearized at the first order in perturbation gives (2.5) with n = 1. The higher-order

expansions of the harmonic gauge di↵er from these conditions.

– 4 –

= − i
√

32πGN
2

∑
l≥0

⟨T (l)µν(q2)⟩ϵµν

In the de Donder gauge the metric perturbations are obtained as

h
(l+1)
µν (x⃗) = −16πGN

∫
dd q⃗

(2π)d
eiq⃗·x⃗

q⃗2

(
⟨T (l)
µν ⟩(q2)− 1

d − 1
ηµν⟨T (l)⟩(q2)

)
▶ The classical metric is obtained by using the classical limit of the

quantum amplitude ⟨T (l)
µν ⟩class.(q2) [Bjerrum-Bohr et al.]

▶ But one can as well include quantum correction to the metric [Donoghue et al.],
[Bjerrum-Bohr et al.]
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Black hole metric from amplitudes

The scattering amplitudes are done in the de Donder gauge coordinate system

ηµνΓ λµν(g) = ηµνgλρ
(
∂gρµ
∂xν

+
∂gρν
∂xµ

−
∂gµν
∂xρ

)
= 0

The Schwarzschild-Tangherlini metric in the de donder coordinate system

ds2 = h0(r,d)dt2 − h1(r,d)dx⃗2 − h2(r,d)
(x⃗ · dx⃗)2

x⃗2

h0(r) := 1− 4
d − 2
d − 1

ρ(r,d)
f (r)d−2

,

h1(r) := f (r)2,

h2(r) := −f (r)2 − f (r)d−2 (f (r) + r df (r)
dr )2

f (r)d−2 − 4d−2
d−1ρ(r,d)

.

The dimensionless parameter is the post-Minkowskian expansion parameter

f (r) = 1 +
∑
n≥1

fn(r)ρ(r,d)n; ρ(r,d) =
Γ
(
d−2

2

)
π
d−2

2

GNm

rd−2
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Classical contributions from quantum loops
h

(3)
1(r,d)=

8(7d4�63d3+214d2�334d+212)

3(d�3)(d�4)(d�1)3
⇢(r,d)3,

h
(3)
2(r,d)=�8(d�2)2(2d3�13d2+25d�10)

(d�3)(d�4)(d�1)3
⇢(r,d)3.(3.44)

3.4Three-loopamplitude

Thediagramscontributingtotheclassicalcorrectionsatthirdpost-Minkowskianorderof

themetricatthetwo-loopgraphs

M(3)
3(p1,q)=�

p
32⇡GNT(3)µ⌫✏µ⌫,(3.45)

wherethethree-loopstress-tensorisgivenbyfivedistinctdiagrams

T
(3)µ⌫
(a)=,T

(3)µ⌫
(b)=,

T
(3)µ⌫
(c)=,T

(3)µ⌫
(d)=,

T
(3)µ⌫
(e)=.

Asbefore,wepermutetheinternalmomentasuchthatbytakingtheresidueat2ml0i=

i✏fromthemassivepropagators,weextractthenon-analytictermswhichcontributetothe

classicalmetricinthestaticlimit.Aftertakingtheresiduesandincludingthesymmetry

factors

T
(3)µ⌫
(a)=64⇡3G3

Nm4

Z3Y

n=1

dd~ln
(2⇡)d

⌧µ⌫
(3)⇡⇢,�⌧(l1+l2,q)⌧

⇡⇢
(3)(�l1,l1+l2)⌧

�⌧
(3)(�l3,l3+l4)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2(~l1+~l2)
2(~l3+~l4)

2

�����
l01=l02=l03=0

,

T
(3)µ⌫
(b)=256⇡3G3

Nm4

Z3Y

n=1

dd~ln
(2⇡)d

⌧µ⌫
(3)�⌧,00(l1+q,q)⌧⇡⇢ (3)(�l3,l3+l4)⌧

�⌧
(3)00,⇡⇢(�l2,l1+q)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2(~l1+~q)2(~l3+~l4)
2

�����
l01=l02=l03=0

,

T
(3)µ⌫
(c)=�512⇡3G3

Nm4

3

Z3Y

n=1

dd~ln
(2⇡)d

⌧µ⌫
(3)↵�,00(l1+q,q)⌧↵� (4)00,00,00(l1+q,l2,l3,l4)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2(~l1+~q)2

�����
l01=l02=l03=0

,

T
(3)µ⌫
(d)=�256⇡3G3

Nm4

Z3Y

n=1

dd~ln
(2⇡)d

⌧�� (3)(�l3,l3+l4)⌧
µ⌫
(4)��,00,00(q,l1,l2,l3+l4)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2(~l3+~l4)
2

�����
l01=l02=l03=0

,

T
(3)µ⌫
(e)=

256⇡3G3
Nm4

3

Z3Y

n=1

dd~ln
(2⇡)d

⌧µ⌫
(5)00,00,00,00(q,l1,l2,l3,l4)

(~l1)
2(~l2)

2(~l3)
2(~l4)

2

�����
l01=l02=l03=0

,

(3.46)

–16–

h
(2)
2(r,d)=

4(d�2)2(3d�2)

(d�4)(d�1)2
⇢(r,d)2,(3.26)

where⇢(r,d)isdefinedin(3.8).

Thisreproducestheexpressiongivenin[21]andtheexpressionin[24,eq.(22)]for

↵=0.

3.3Two-loopamplitude

Thediagramscontributingtotheclassicalcorrectionsatthirdpost-Minkowskianorderof

themetricatthetwo-loopgraphs

M(2)
3(p1,q)=�

p
32⇡GNT(2)µ⌫✏µ⌫,(3.27)

therearefourcontributions

T
(2)µ⌫
(a)=,T

(2)µ⌫
(b)=,

T
(2)µ⌫
(c)=,T

(2)µ⌫
(d)=.

3.3.1Thediagrams(a),(b),(c)

Thesumofthecontributionsfromthediagrams(a),(b),(c)afterappropriatelabellingof

themomenta,canbeexpressedas

cX

i=a

T
(2)µ⌫
(i)=�16G2

N⇡2

m

Z3Y

n=1

dd+1ln
(2⇡)2d

�(l1+l2+l3+q)

⇥
⌧��(p1,l1+p1)⌧

�⌧(l1+p1,�l2+p1)⌧
◆✓(l2�p2,�p2)⌧

��
(3)◆✓,�⌧(�l2,l1+q)·P↵�

��·⌧µ⌫
(3)↵�,��(l1+q,q)

l21l
2
2l

2
3(l1+q)2

⇥
 

1

(l1+p1)2�m2

1

(l2�p2)2�m2
+

1

(l3+p1)2�m2

1

(l1�p2)2�m2

+
1

(l3+p1)2�m2

1

(l2�p2)2�m2

!
.(3.28)

Usingtheapproximateformofthetwoscalarsonegravitonvertexin(3.17)and(l1+p1)
2�

m2⇡2ml01andtakingtheresidue2ml0i=i✏,sincefortherestoftheresidueswegeta

zerocontributionatorderO(✏0),weget

cX

i=a

T
(2)µ⌫
(i)=32⇡2G2

Nm3

Z2Y

n=1

dd+1ln
(2⇡)2d

⌧µ⌫
(3)↵�,00(l1+q,q)·P↵�

��·⌧�� (3)00,00(�l2,l1+q)

(~l1)
2(~l2)

2(~l3)
2(~l1+~q)2

�����
l01=l02=0

,

(3.29)
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<latexit sha1_base64="dMiF5Y7Q8mOxKT9V0Q4b6ojlvAY="></latexit>

GM

r

<latexit sha1_base64="fekzJzBLJh80KmdHBYBRrZg//UE="></latexit>✓
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r

◆2
<latexit sha1_base64="cEL92XYgEuG47rngO3cO393hdTs="></latexit>✓

GM

r
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◆4

M. J ~ DUFF

gsA(i)
C

a& 8&~sg ag sg 5 y~x &a5 y ~2 &@6y~a &s
(4.16}

Using Eq. (4.8) a straightforward calculation gives, in momentum space,
1

F(y~g~(g2 $2~3/3(~gy ~gt ~3) sym g 8 ( 4'qa3a3 i82a&&e38pm ' ~a+ 26~B2qa~ap838pm ~s &~Bpo|38$2Ãg 38g

(4.17)

+@V qPV + +yjLV (4.18}
the Einstein Lagrangian may again be expanded in
a fashion similar to Eq. (4.6),
8 (@}=2"'+MS"'+KZ'g'+ . .

However, the explicit forms for Z~ and 2'~" are
rather complicated and we shall not write them
down. In the de Donder gauge (though not in gen-
eral), the free propagator for Q"" field is the
same as that for Q"". The higher-order vertex
functions, however, are different.
We now turn to the rather delicate problem of

choosing the source term 2~. First of all we de-
fine

(4.19)

J„,=-(-z)'"&„., (4.20)
where T„„is the energy-momentum tensor given
in Eq. (2.27). If we now insert the interior form
of g"" known from the classical theory [Eq.
(3.11)], into the above equation, then to order x',
J„„is simply
J =u(r), Z„=P(v)n„,

where g and P are given by Eqs. (2.10) and (3.9).
Next, we note that if the Einstein equations

(4.21)

The "sym" standing in front of this expression in-
dicates that a symmetrization is to be carried out
on each index pair &,P„o',P» and n,P, . The sym-
bol I', means that a summation is to be performed
over all six permutations of the momentum index
triplets ~i~ikx~ nsPsk» a,P,k, . In the above equa-
tion we have omitted an over-all 5 function ex-
pressing conservation of momentum.
So far, the density 0"' has been chosen as the

interpolating field rather than g"" because 2 ~ and
Zo and hence the 3-point function of (4.17) are
much simpler in this form. " In computing the
VEV of the gravitational field, however, we pre-
fer to use the more familiar g"" for reasons which
will become clear later. Setting

since

5Ac 1
6 „.=p(-g) (4.23b)

yPV pV (4.24)
However, by adding the noncovariant piece S~ to
the Lagrangian the gauge symmetry (general co-
variance) is broken and the above constraint no
longer holds. If we now choose A~ to be

Ai=— d xgu (x)I gx)1
2 (4.25)

and regard J„„asbeing a known classical func-
tion of x [Eq. (4.21)], and no longer a functional
of the metric, then functional differentiation with
respect to g"" yields the correct term in the Ein-
stein equation (4.23a). We may now proceed to
calculate the VEV of the gravitational field in the
presence of the external classical source J„„in
the usual way.
The S matrix is given by the Feynman-Dyson

expression

S =Texp i d xg. , x+g x (4.26)

where 2, describes the self-interaction of the
gravitational field and subscript J reminds us of
the presence of the external source. The VEV of

Unfortunately, in gravity theory (as in all non-
Abelian gauge theories), the introduction of a
purely inert external source is complicated by
the fact that the source itself depends on the field.
The components of the matter tensor T"" are not
all independent but satisfy the divergence condi-
tion

—*(-g)"G„.+-.~„,=o
K

(4.22)
(a) (o) (c)

5A~
PV 2 PV (4.23a}

are to be obtained by functional differentiation of
the action (A~+A~), then we must have FIG. 1. Feynman diagrams for the VEV of the gravi-

tational field in the presence of a c-number source (de-
noted by the circles). The closed loops have been
ignored.

▶ The tree skeleton graphs are the one computed by Duff
▶ The velocity cuts are freezing the massive vertices
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Classical metric from loops

h
(l+1)
µν (q⃗) = −8

(
c

(l)
1 (d)(2δ0

µδ
0
ν − ηµν) + c(l)

2 (d)
(
2
qµqν
q2 + (d − 2)ηµν

))
× (πGNm)l+1 J(l)(q⃗

2)

q⃗2 .

The metric components in the static limit are given by a single master integral

J(n)(q⃗
2) =

and higher powers of ~q2 contribute to higher powers of } and are sub-leading quantum

corrections (see section 3.1 for more about this).

Therefore, the classical contribution to the stress-tensor in (2.3) is given by4

hT (l)
µ⌫ i = ⇡l(GNm)lm

⇣
c
(l)
1 (d)�0

µ�
0
⌫ + c

(l)
2 (d)

�qµq⌫
q2

� ⌘µ⌫

�⌘
J(l)(q

2) , (2.26)

where c
(l)
1 (d) and c

(l)
2 (d) are rational functions of the dimension d and J(n)(q

2) is the massless

n-loop sunset graph

J(n)(~q
2) = • •q q =

Z
~q2

Qn
i=1

~l2i (~l1 + · · · +~ln + ~q)2

nY

i=1

dd~li
(2⇡)d

.

(2.27)

2.2 The master integrals for the classical limit

The master integrals (2.27) can be evaluated straightforwardly with the parametric repre-

sentation of the n-loop sunset in D dimensions (see [36])

J(n)(~q
2) =

(~q2)
n(d�2)

2

(4⇡)
nd
2

�

✓
n + 1 � nd

2

◆Z

xi�0

✓
1

x1
+ · · · +

1

xn
+ 1

◆ (n+1)(2�d)
2

nY

i=1

dxi

x
d
2
i

(2.28)

since the first Symanzik polynomial is Un+1 =
⇣Pn+1

i=1
1
xi

⌘⇣Qn+1
i=1 xi

⌘
and the second

Symanzik polynomial is Fn+1 = �q2x1 · · · xn+1 = ~q2x1 · · · xn+1. Changing variables to

yi = 1/xi we have

J(n)(~q
2) =

(~q2)
n(d�2)

2

(4⇡)
nd
2

�

✓
n + 1 � nd

2

◆Z

yi�0
(y1 + · · · + yn + 1)

(n+1)(2�d)
2

nY

i=1

dyi

y
4�d
2

i

. (2.29)

Using the expression for Euler’s beta-function

Z 1

0
(x + a)↵

dx

x1��
= a↵+� �(�� � ↵)�(�)

�(�↵)
, (2.30)

the master integral is readily evaluated to be

J(n)(~q
2) =

(~q2)
n(d�2)

2

(4⇡)
nd
2

�
�
n + 1 � nd

2

�
�
�

d�2
2

�n+1

�
⇣

(n+1)(d�2)
2

⌘ . (2.31)

The master integrals develop ultraviolet poles at loop orders, inducing divergences in the

stress-energy tensor. We will show in section 4 how to renormalise these divergences with

the introduction of higher-derivative couplings.

4We have checked this explicitly to three-loop order using the LiteRed code [34, 35].

– 8 –

=
(q⃗2)

n(d−2)
2

(4π)
nd
2

Γ
(
n+ 1− nd

2

)
Γ
(
d−2

2

)n+1

Γ
( (n+1)(d−2)

2

) .

Fourier transforming to direct space

h
(l+1)
i (r,d) = C(d, l)

(
ρ(r,d)

4

)l+1
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The de Donder gauge metric in four dimensions

hdD
0 (r) = 1− 2GNm

r
+ 2

(GNm
r

)2
+ 2

(GNm
r

)3
+
(

4
3

log
(
rC3
GNm

)
− 6

)(GNm
r

)4
+ · · ·

hdD
1 (r) = 1 + 2

GNm
r

+ 5
(GNm

r

)2
+
(

4
3

log
(
rC3
GNm

)
+ 4

)(GNm
r

)3

+
(
−4

3
log

(
rC3
GNm

)
+

16
3

)(GNm
r

)4
+
(

64
15

log
(
rC3
GNm

)
− 26

75

)(GNm
r

)5

+

4
9

log
(
rC3
GNm

)2
− 24

5
log

(
rC3
GNm

)
+

298
75

(GNmr )6
+ · · ·

▶ The metric is finite but it has powers of log(r)
▶ The solution has a single constant of integration C3.
▶ Determining the generic L loop contribution is difficult
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The Schwarzschild metric

P. Fromholz, E. Poisson, C. M. Will explain in their paper “The Schwarzschild
metric: It’s the coordinates, stupid!” [arXiv:1308.0394] that different choices
of coordinate system leads to very different form for the Schwarzschild metric.

The amplitude computation is done in the de Donder gauge

ηµνΓ λµν(g) = 0; gµν = ηµν +
√

32πGNhµν

which is different from the harmonic gauge condition

gµνΓ λµν(g) = 0⇐⇒ ∂µ
(√−ggµν) = 0

The presence of the log rC3
GNm

in the amplitude computation is just a signal that
the amplitude computation is done in the wrong gauge, and they can be
reabsorbed by a coordinate change

(t, x⃗)→ (t, f (r)x⃗)
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Part IV

Self-force
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Strong field regime: Self-force expansion

A principal objective of LISA is to investigate
the behaviour of general relativity in a
strong gravitational field.

The self-force expansion is a expansion in
ν ∼m/M ≪ 1 for m1 =m≪m2 =M but to all
order in GN

We reorganise the double summation according to the mass-ratio order

N (γ,J) =
M3ν2

|q|3
∑
r≥0

νr
∑
L≥2r

(GNM |q|)L+1cLr (γ)
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Self-force expansion

We consider a binary system of a heavy body of mass M and a light body of
mass m interacting gravitationally

S = SEH +Sl +SH ,

with the gothic inverse metric of the Landau-Lifschits formulation

gab =
√−ggab = ηab −

√
32πGNh

ab

and the cubic formulation introduced by [Cheung, Remmen]

16πGNSEH = −
∫
dDx

((
AabcA

b
ad −

1
D − 1

AaacA
b
bd

)
gcd +Aabc∂ag

bc
)
,

and the wordline actions for the light and heavy body

Sl = −m
2

∫
dτl

 gµνvµvν(√−g) 2
D−2

+ 1

 , SH = −M
2

∫
dτH

g
µνvHµvHν(√−g) 2

D−2

+ 1

 .
Notice that the auxiliary field A does not couple to the matter field.
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Self-force expansion: effective action

Integrating-out the graviton and the auxiliary field we have the effective
action

eiSeff[xl ,xH ] =
∫
Dh DA eiSEH [h,A]+iSGF [h]+iSl [xl ,h]+iSH [xH ,h].

The self-force effective action has an expansion in powers m/M ≪ 1

Seff = −M
2

∫
dτH η

µνvHµvHν +M
∞∑
n=0

∫
dτl

(m
M

)n+1
Ln[xl(τl),xH (τH )]

where the leading is the worldline action for the heavy body. We parametrize
the trajectory of the light body as

x
µ
l (τl) ≡ xµ(τ) =

∞∑
n=0

(m
M

)n
δx(n)µ(τ), x

µ
H (τH ) = u

µ
HτH +

∞∑
n=1

(m
M

)n
δx

(n)µ
H (τH ),

Finally, we should note that we haven’t specified the kinematics of the system,
therefore the formalism is suitable both for the bound and the scattering
problem
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Deriving exact black-hole metric

The off-shell currents for gravition emission from the heavy source M√
32πGNh

(n)
µν (x) =

∫
dD−1x eik·x J

(n)
µν (k),

J
(n)
µν (k) = ρ(|k|,D,n)

(
χ

(n)
1 δ0

µδ
0
ν +χ(n)

2

(
ηµν −

kµkν

k2

))
,

which leads to the parametrisation of the waveform

h
(n)
µν (x) = ρ(r,D)n

[(
χ

(n)
1 −χ

(n)
2

)
δ0
µδ

0
ν +χ(n)

2
1− (n− 1)(D − 3)
2− (n− 1)(D − 3)

δij

+χ(n)
2

n(D − 3)
2− (n− 1)(D − 3)

nµnν

]
with a similar parametrisation for the auxiliary field Aabc.
The order parameter in direct space∫

dD−1k

(2π)D−1 e
ik·rρ(|k|,D,n) = ρ(r,D)n, ρ(r,D) =

Γ
(
D−3

2

)
π
D−3

2

GNm

rD−3
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Deriving exact black-hole metric

We compute the emission of the graviton (and the auxiliary field) and identify
the form factors.
▶ At tree-level, i.e. order GN

J
(1)
µν = = ρ(|k|,D,1)4δ0

µδ
0
ν =⇒ χ(1)(D) = (4,0,0,0,0,0,0,0).

▶ one-loop, i.e. order G2
N

J
(2)
µν =

1
2

J
(2)
µν =

∫
dD−1q

(2π)D−1

8π2
(
GNm χ

(1)
1

)2

(q)2(q−k)2
×
(1− (D − 3)

4(D − 2)2

)
δ0
µδ

0
ν +

(D − 3)2

4(D − 2)2

(
ηµν −

kµkν

|k|2

)
= ρ(|k|,D,2)

(
χ

(1)
1

)2

2

(1− (D − 3)
4(D − 2)2

)
δ0
µδ

0
ν +

(D − 3)2

4(D − 2)2

(
ηµν −

kµkν

|k|2

)
Pierre Vanhove (IPhT) Gravity S-matrix 25 july 2025 49 / 65



Self-force expansion: exact metric

At higher the off-sheel current is given by sums of cubic graphs only,
therefore presenting a recursive nature

J (n) =
n−1∑
m=1


J(m) J(n−m)

−

J(m) Y (n−m)

−

Y (m) Y (n−m)


allowing the sum all loop orders and lead to a non-perturbative resummation
given the exact Schwarzschild metric in D dimensions

χ
(n)
k (D) =

8∑
i,j=1

n−1∑
m=1

χ
(m)
i (D)χ(n−m)

j (D)M ij
k (D) ,
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Black hole metric

▶ All integrals are finite and no need to use the non-miminal coupling
from EFT approach to cancel divergences from finite size effects

▶ The result matches exactly the Schwarzschild metric in the “usual”
coordinate system, because the computation is done in the harmonic
gauge

gµνΓ λµν = 0 ⇐⇒ ∂µg
µν = 0

▶ This gives an all order in GN derivation of the Schwarzschild-Tangherlini
metric in general dimensions D.

This is a first time infinite resummation to all order in pure gravity.
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Self-force expansion: geodesic (0SF)

The geodesic equation for the light mass m is obtained by a double infinite
resummation:

1 loop for generating the Schwarzschild metric from the heavy mass M
2 the loops for the graviton coupling between the background generated by

the heavy mass and the light mass

L0[xµ(τ),u
µ
HτH ] = + + + + + · · ·

This gives a totally consistent self-force formalism without any need to
introduce an external metric.
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Part V

Effective one-body (EOB) formalism
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From Scattering amplitudes to EOB

The Effective One Body formalism introduced by Buonanno and Damour in
1998 is an analytical approach to the gravitational two-body problem in
general relativity aims to describe all different phases of the two-body
dynamics, by building an effective metric

The formalism was historically developed within the post-Newtonian but it
has been extended to the post-Minkowskian formalism.

The main idea is to build an effective metric that resums the finite number of
contributions from perturbations with a specific matching with numerical GR
when perturation is not valid anymore
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From Scattering amplitudes to EOB

Gravitational Self Force (GSF)

Numerical Relativity (NR)

Multipolar Post-Minkowsian  
(MPM)

Post Newtonian (PN)

Post Minkowski (PM)

Quantum Field 
 Theory (QFT)

String Perturbation  
Theory

Effective Field  
Theory (EFT)

Classical Scattering

Effective-One-Body Framework

Black Hole  
Perturbation Theory

Two-body problem

m1

m2

Nonlinear	map	
of	dynamics

One-body problem

and	
gravita4onal	
radia4on	

LISA waveform white paper

Waveform Modelling for the Laser Interferometer Space Antenna—2311.01300
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From Scattering amplitudes to EOB

One seeks an effective energy Eeff, and effective metric Aeff(r) and Beff(r)

ds2eff = Aeff(r)dt2−Beff(t)
(
dr2 + r2(dθ2 + sin(θ)2dϕ2

)
; Heff =M

√
1 + 2ν

(
Eeff
µ
− 1

)
In this formalism one can compute the scattering angle in terms of the
effective metric and energy

χ
2

= b
∫ ∞
rm

dr

r2
1√

Beff(r)
Aeff(r)

E2
eff
p2

eff
− b2

r2 −
Beff(r)µ2

p2
eff

− π
2
.

with
peff =

p∞E

m1 +m2
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From Scattering amplitudes to EOB

From the amplitude computation we have the scattering angle

χ
2

= b
∫ ∞
r̂m

dr

r2
1√

1− b2

r2 −
VPM(r,E)
p2
∞

− π
2
.

with the four dimensional post-minkowskian effective potential

VPM(r,E) = −
∞∑
n=1

fn

(GNM
r

)n
.

By matching the scattering angle computed from the effective EOB metric one
obtains that the PM expanded potential is related to the metric coefficients by
[Damgaard; Vanhove]

1− VPM (r,E)
p2
∞

=
B(r)
γ2 − 1

(
γ2

A(r)
− 1

)
in isotropic coordinate the metric can be parametrised by a single function

A(r) =
(

1− h(r)
1 + h(r)

)2

; B(t) = (1 + h(r))4 ; h(r) =
∑
n≥1

hn(GNM/r)
n

which can be solved iteratively powers of GN
This provide a map from the scattering amplitudes to the EOB formalism
extended to the Post-Minkowskian expansion
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Post-Minkowskian expansion vs Numerical GR
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fig 3 of Thibault Damour and Piero Rettegno [arXiv:2211.01399]

Perturbative methods from scattering amplitude can be apply directly
leading to new analytic results up to the 4th post-Minkowskian order (3-loop)
[Bern et al.; Bjerrum-Bohr et al.; Damgaard et al.; Plefka et al.; Porto et al.; Driesse et al.]

with excellent results when compared to numerical general relativity if one
includes radiation reaction [Damour, Rettegno]
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Part VI

Beyond Einstein theory of Gravity
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Quantum correction to the bending angle

Scattering of a massless particle of spin S against a massive scalar one obtains
from the one-loop computation [Bjerrum-Bohr, Donoghue, Holstein, Planté, Vanhove]

θS ≃
4GM
b

+
15
4
G2M2π

b2 +
8buS + 9− 48log b

2b0

π
G2ℏM
b3 .

The difference between of bending angle shows an intriguing dependence on
the spin induced by quantum effects

θγ −θϕ =
8(buγ − buϕ)

π
G2ℏM
b3 .
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Constraining beyond Einstein gravity

This provides way of constraining possible corrections to Einstein’s gravity

☞ Quantum gravity correction to the star light bending
☞ Quantum gravity corrections effects to the metric of black hole solutions
☞ Quantum contributions to the causal cone . . .

[Bellazzini, Isabella, Riva; Madalcena, Zhiboedov; Caron-Huot, Para-Martinez, ...]

The multi-messager detections improves the constraints on various modified
gravity models [Gubitosi, Piazza, Vernizzi]

✓ the gravitational waves propagates |cGW − c| < 10−15c
✓ local measurements constraining models for dark energy
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