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Gravity

Deux forces règnent sur l’univers :
lumière et pesanteur

Simone Weil, “La pesanteur et la grâce”



Einstein’s theory of Gravity

Novembre 1915, Albert Einstein published his theory of gravity:
the general relativity

Space and time are dynamical actors of the force of gravity
Gravity is the consequence of the deformation of space and
time. A body is not attracted but follows a natural free
movement in a curved space-time

This has deeply changed our vision of space and time



Two fundamental consequences of Einstein’s theory of gravity:
Black holes and Gravitational waves

Roger Penrose 2020
“for the discovery that black
hole formation is a robust
prediction of the general
theory of relativity”

Rainer Weiss, Barry Barish
and Kip Thorne 2017
“for decisive contributions to
the LIGO detector and the
observation of gravitational
waves”



Black Holes

Les physiciens disent des trous noirs qu’à force de se
concentrer dans le ciel nocturne, il leur arrive d’enrouler,
dans la substance ténébreuse, l’espace qu’ils épanchent
dans le temps.

Pascal Quignard
(La barque silencieuse Chap XXV Extase et enstase)



The most perfect macroscopic objects there are in the
universe: the only elements in their construction are our
concepts of space and time (S. Chandrasekhar)

No hair theorem for black holes

Characterized by
◦ Mass M 
◦ Angular momentum J⃗
◦ Electric charge Q⃗

Swallow everything: matter and energy
◦ We cannot shield their attraction

Singular solution hidden by an event horizon
(Cosmic censorship hypothesis, Penrose, Nobel
2020)



In 1939, Einstein argued that black holes are incompatibles with
the physical reality of his theory of gravitation.

Annal of Mathematics 40 4 (1939) 922-936

Is the singularity of black holes real or a
mathematical artefact?

How can matter create a black hole?

In the 1930s, Oppenheimer and Wheeler showed that black
holes are a natural consequences of Einstein’s theory of
general relativity. However, their work was not widely accepted
at the time.
It was not until the 1970s that the first observational evidence
for black holes was discovered : Sagittarius A*



Seeing Black Holes

In 2019 “Event Horizon Telescope” pictured the
supermassive black holes Sagittarius A* and Messier 87*

Image first computed in 1979 by Jean-Pierre Luminet

The black hole Messier 87* is rotating black hole

SgrA* seems to be slowly rotating



How many black holes in the Universe?

Although Einstein doubted the reality of black holes, many
direct and indirect detections confirm their presence in our
observable universe.
▶ More than 100million solar mass black holes in our galaxy
▶ At least 100 billion supermassive black holes (millions or

billions of solar masses) in the universe.
▶ The largest black hole is in the galaxy NGC4889: its mass

is 21 billion solar masses.
▶ The closest known black hole known as 1A 0620-00 is
3,500 light-years from Earth. The black hole has about 10
times the mass of the Sun.



Gravitational waves

If you ask me whether there are gravitational
waves or not, I must answer that I don’t know.
But it is a highly interesting problem.
(Albert Einstein, 1936)



Gravitational waves

In his 1095 article “Sur la dynamique de l’électron” Henri
Poincaré understood that if gravitational interaction is not
instantaneous that implies the emission of ondes gravifiques

(...) j’ai été d’abord conduit à supposer
que la propagation de la gravitation n’est
pas instantanée, mais se fait avec la vitesse
de la lumière. (...) Quand nous parlerons
donc de la position ou de la vitesse du
corps attirant, il s’agira de cette position ou
de cette vitesse à l’instant où l’onde
gravifique est partie de ce corps; (. . . )

He never made this more precise and one had to wait for
Einstein’s gravity for a proper definition of gravitational waves



Gravitational Waves

In 1936, in an article entitled “Do Gravitational Waves Exist?”,
Einstein and Rosen argued against the existence of
gravitational of waves. This article rejected by Physical Review
appeared in the Journal of the Franklin Institute under the title
“On Gravitational Waves”.

They wondered worried that gravitational waves could not exist
and that they would not describe fluctuations of space-time ?



Y. Choquet-Bruhat (29 decembre 1923 -)

On voyait ainsi apparaître des ondes et rayons gravi-
fiques, donnant au champ de gravitation le caractère d’un
phénomène de propagation et on constatait l’identité en-
tre les lois de propagation de Ia lumière et du champ de
gravitation. (Acta Math. 88: 141-225 (1952))

Y. Choquet-Bruhat gave the first rigorous mathematical proof of
the existence of gravitational waves in Einstein theory



Y. Choquet-Bruhat (29 decembre 1923 -)

Her results are of great importance for gravitational wave
detectors
▶ Her local theorem of 1952 was a breakthrough and has

since been fundamental for further investigations of the
Cauchy problem and proved crucial to the possibility of
numerically simulating the motion and gravitational
radiation of coalescing binary black holes.

▶ She introduced new formulations of Einstein’s theory of

gravitation that recently spurred great progress in
numerical relativity, including the calculation of the
gravitational waves emitted when two black holes collapse
and merge together.

Day in Honor of Yvonne Choquet-Bruhat’s 100th Birthday (IHES)

https://indico.math.cnrs.fr/event/10606/


Hearing Gravitational Waves

Since September 14, 2015, the LIGO/Virgo collaborations have
detected 90 signals of gravitational waves from mergers of
binary systems

Detection of the dynamics of black holes
Extend the spectrum of detected black holes (from 6 to 40
solar masses)
With the various improvements and developments of
ground and future space detectors we expect one
detection par week



Quantum Gravity

My subject is the quantum theory of gravity.
My interest in it is primarily in the relation
of one part of nature to another. There’s a
certain irrationality to any work in gravita-
tion, so it’s hard to explain why you do any
of it; . . .
(Feynman Jablonna, 1962)



Post-Minkowskian expansion for the binary system

The relativistic two body dynamics can be described by a
centre-of-mass Hamiltonian

HPM(p ,r) =
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p2 +m21 +
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p2 +m22 +
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Post-Minkowskian expansion for the binary system

The L +1PM potential has polynomial mass dependence
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Gravity and Quantum mechanics

In 1916, Einstein was already arguing for a modification of his
theory of gravity by quantum mechanics.

However, according to the inner-atomic electron move-
ment, atoms would have to emit not only electromagnetic,
but also gravitational energy, even if in a tiny amount.

Since this is unlikely to be the case in nature, it seems that
quantum theory will have to modify not only Maxwell’s
electrodynamics, but also the new gravitational theory.



Gravity and Quantum mechanics

In his famous 1918 paper where he computes the quadrupole
formula of emission of classical gravitational waves

(. . . ) the emission cannot turn negative in any direction;
consequently, the total emission certainly cannot turn neg-
ative, either. (. . . ) — which would require a loss of en-
ergy of bodies due to the thermal agitation—must raise
doubts to the general validity of the theory.

It seems that a more complete quantum theory would
also have to bring about a modification of the theory of
gravitation.



Graviton

In a similar way as electro-magnetic forces are mediated by
the photon, quantum gravity assumes that the force is
mediated by the graviton a massless particle of spin 2

h : ×++
Þß , ×−−Þß



Classical physics from quantum loops

We seek quantum gravity formalism where the classical limit
ℏ→ 0 gives the general relativity potential

lim
”ℏ→0” p1 p2

p02p01

<latexit sha1_base64="wamjZnkmvP6bFRDiGgtS4qRVkug="></latexit>

→ML (Õ,q2)→VL+1−PM(p ,r)



Classical physics from quantum loops

p1, m1, S1

p2, m2, S2

p′1, m1, S1

p′2, m2, S2

~q

Considering quantized massive fields interacting
gravitationally by exchanging massless gravitons and
remembering that the QFT propagator has inverse ℏ that the
traditional counting disregards

[Itzykson & Zuber “Quantum Field Theory”, §6-2-1 page 288]



Classical physics from quantum loops

p1, m1, S1

p2, m2, S2

p′1, m1, S1

p′2, m2, S2

~q

Considering quantized massive fields interacting
gravitationally by exchanging massless gravitons and
remembering that the QFT propagator has inverse ℏ that the
traditional counting disregards the classical potential
emerges a piece of a quantum amplitude
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One graviton exchange : tree-level amplitude

M0 = −16áGNℏ
2(p1 · p2)2 −m21m22 − |ℏq⃗ |2(p1 · p2)

|ℏq⃗ |2

The ℏ expansion of the tree-level amplitude
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ℏ|q |2
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The relativistic classical Newtonian potential is obtained by
taking the Fourier transform

V1(p1 · p2,r) =
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The contribution of order ℏ is the quantum contact interaction



Classical physics from loops : the one-loop triangle

Remembering the ℏ in the Klein-Gordon
equation

(□− m2c2

ℏ
2 )æ = 0

The large mass expansion q ≪m of the triangle with a
massive leg p21 = p22 = m2 reads∫

GN d4�

(�+ p1)2(�2 − m2c2
ℏ
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This one-loop amplitude contains

The classical 2nd post-Minkowskian correction G2N /r
2 to

Newton’s potential of order 1/ℏ

An infrared quantum correction of order ℏ0



Classical gravity from quantum scattering

The classical limit ℏ→ 0 fixed q ≪m1,m2 of the amplitude

ML (Õ,q2,ℏ) =
M(−L−1)

L (Õ,q2)

ℏ
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2 +2

+ · · ·+
M(−1)
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L (4−D )
2 +2−L

+O (ℏ0)

A classical contribution of order 1/ℏ from all loop orders
The dimensional regularisation scheme gives a control of
the IR divergences from radiation
Efficient use of modern amplitudes methods and
evaluation of Feynman integrals



The connection between quantum scattering and classical
gravitational physics has forced to rethink the S matrix for deal-
ing with the ℏ expansion

Ŝ = �+
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
The higher 1/ℏ powers are needed for the consistency of

the full quantum amplitude and the correct

exponentiation of the amplitude

One shows that in the conservative sector the v.e.v.
N (Õ,J ) = ⟨p1,p2|N̂ |p ′1,p ′2⟩ is the radial action from classical
Hamilton-Jacobi equation applied to classical GR [Landau,

Lifshitz]

ç = −
�N (Õ,J )

�J



Classical Gravity from quantum Gravity

PHYSICAL RE VIEW D VOLUME 7, NUMBER 8 15 APRIL 1973

Quantum Tree Graphs and the Schwarzschild Solution
M. Z. Duff*

Physics Department, Imperial College, London SR'7, England
(Received 7 July 1972)

It is verified explicitly to second order in Newton's constant, G, that the quantum-tree-graph
contribution to the vacuum expectation value of the gravitational field produced by a spherical-
ly symmetric c-number source correctly reproduces the classical Schwarzschild solution. If
the source is taken to be that of a point mass, then even the tree diagrams are divergent, and
it is necessary to use a source of finite extension which, for convenience, is taken to be a per-
fect fluid sphere with uniform density. In this way both the interior and exterior solutions may
be generated. A mass renormalization takes place; the total mass of the source, m, being
related to its bare mass, mo, and invariant radius, e„, by the Newtonian-like formula, m
=ma-3Gmz /5e„+O(G ), and the infinities in the quantum theory are seen to be a manifesta-
tion of the divergent self-energy problem encountered in classical mechanics.

I. INTRODUCTION

In an attempt to find quantum corrections to
solutions of Einstein's equations, the question
naturally arises as to whether the @-0 limit of
the quantum theory correctly reproduces the class-
ical results. Formally, at least, the correspon-
dence between the tree-graph approximation to
quantum field theory and the classical solution of
the field equations is well known, ' i.e., the
classical field produced by an external source
serves as the generating functional for the con-
nected Green's functions in the tree approxima-
tion, the closed-loop contributions vanishing in
the limit I-0. The purpose of this paper is to
present an explicit calculation of the vacuum ex-
pectation value (VEV) of the gravitational field in
the presence of a spherically symmetric source
and verify, to second order in perturbation theory,
that the result is in agreement with the classical
Schmarzschild solution of the Einstein equations.
This would appear to be the first step towards
tackling the much more ambitious program of in-
cluding the radiative quantum corrections.
Whereas in quantum electrodynamics it is a

comparatively simple matter to obtain the Coulomb
potential by means of the single-photon exchange
from a stationary point charge, the analogous
situation in gravidynamics, where the gauge group
is non-Abelian, proves much more difficult. First-
ly, as has been shown by Arnomitt, Deser, and
Misner (henceforth referred to as ADM) the
concept of a strictly pointlike source in generaL
relativity is untenable. There is a minimum in-
variant extension for a particle below which no
solutions of the field equations exist, the space-
time developing an intrinsic singularity at a fi-
nite point in the exterior domain of the particle for

radii less than this minimum. Moreover, the to-
tal mass of the source mould then become negative
and eventually negatively infinite as the point-
mass limit is taken. As we shall see, these dif-
ficulties manifest themselves in the quantum theory
in the guise of divergent tree diagrams when a
point source is used. As a model for the source,
therefore, it is essential to choose a particle of
finite extension.
In their work, ADM pick the simplest model for

such an extended particle, a spherical "shell dis-
tribution" of pressure-free dust for which the
mass density is merely proportional to 5(r —e),
where r denotes the radial coordinate and & the
radius of the shell. From the quantum point of
view, however, another dilemma arises. The
quantum-field-theory calculations are most con-
veniently performed in a manifestly Lorentz-co-
variant gauge by employing, for example, the
harmonic coordinate condition of de Donder, '
[(-g)'~'g""] „=0. Whereas in the canonical
approach ADM are able to carry out their anal-
ysis in a frame for which the metric is continuous
across the shell, in harmonic coordinates the
usual regularity conditions are violated and the
metric is itself discontinuous. This problem has
been discussed in a previous paper. ' One is then
faced with a choice, whether to use the attractive-
ly simple 5-function source and put up with the
attendant problems of discontinuity, or to abandon
the shell in favor of a uniform sphere thus gaining
continuity at the expense of simplicity. In this
paper we shall use the latter.
Finally, there is the question of stability. A

cloud of pressure-free dust for which the inter-
actions are purely gravitational is not a static
configuration. This is clear on physical grounds.
In the absence of phenomenological nongravitational
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In an attempt to find quantum corrections to
solutions of Einstein's equations, the question
naturally arises as to whether the @-0 limit of
the quantum theory correctly reproduces the class-
ical results. Formally, at least, the correspon-
dence between the tree-graph approximation to
quantum field theory and the classical solution of
the field equations is well known, ' i.e., the
classical field produced by an external source
serves as the generating functional for the con-
nected Green's functions in the tree approxima-
tion, the closed-loop contributions vanishing in
the limit I-0. The purpose of this paper is to
present an explicit calculation of the vacuum ex-
pectation value (VEV) of the gravitational field in
the presence of a spherically symmetric source
and verify, to second order in perturbation theory,
that the result is in agreement with the classical
Schmarzschild solution of the Einstein equations.
This would appear to be the first step towards
tackling the much more ambitious program of in-
cluding the radiative quantum corrections.
Whereas in quantum electrodynamics it is a

In 1973 Duff analyzed the question of
the classical limit of quantum gravity by
extracting the Schwarzschild back hole
metric from quantum tree graphs
This is an important consistency check
that we understand how to embed
Einstein gravity into quantum gravity

We can now derive various
black-hole solutions in four and
higher dimensions to high orders in
GN

The framework gives quantum
corrections to the classical
geometry



Gravity as an effective
field theory

The most beautiful fate of a physical theory is
to point the way to the establishment of a
more inclusive theory, in which it lives on as a
limiting case.
Albert Einstein, “Relativity: The Special and
the General Theory” (1916)



The force of Gravity is universal

▶ Act on all kind of matter
and energy

▶ Always attractive
▶ Acts at all scales from

microscopical scales
10−35m till 1026m

Einstein’s theory of gravity is main framework for analysing our
Universe from small scales to cosmological scales



Quantum gravity : the best effective field theory

J. D. Bjorken, “The Future
of particle physics,”
hep-ph/0006180

I also question the assertion that
we presently have no quantum
field theory of gravitation. (. . . ) But
as an open theory, quantum
gravity is arguably our best
quantum field theory, not the
worst. Feynman rules for
interaction of spin-two gravitons
have been written down, and the
tree-diagrams (no closed loops)a

provide an accurate description of
physical phenomena at all
distance scales between
cosmological scales, down to near
the Planck scale of 10−33 cm.

aLoops are used for the

Post-Minkowskian expansion



Quantum gravity : the best effective field theory

J. D. Bjorken, “The Future
of particle physics,”
hep-ph/0006180

One way of characterizing the
success of a theory is in terms of
bandwidth, defined as the number
of powers of ten over which the
theory is credible to a majority of
theorists (not necessarily the
same as the domain over which
the theory has been
experimentally tested). From this
viewpoint, quantum gravity, when
treated—as described above—as
an effective feld theory, has the
largest bandwidth; it is credible
over 60 orders of magnitude, from
the cosmological to the Planck
scale of distances.



Outlook: beyond Einstein gravity

The scattering amplitude approach allows to compute quantum
corrections to the classical observable of Einstein’s gravity

Quantum gravity correction to the star light bending

Quantum gravity corrections effects to the metric of black
hole solutions

Quantum contributions to the causal cone



Outlook: Beyond Einstein gravity

This provides way of constraining possible corrections to Ein-
stein’s gravity

How does the quantum corrections affect the classical
picture from Einstein’s gravity in particular the nature of
Black holes?

Causality constraint on possible extensions of Einstein
gravity : what are the physically acceptable corrections
from high energy completion?
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