Feynman integrals and mirror symmetry

Pierre Vanhove*

Abstract In this text we describe various approaches to the computation of Feyn-
man integrals. One approach uses toric geometry to derive differential equations
satisfies by the imaginary part of the Feynman integrals. We then discuss how this
can be used to obtain the full differential equation acting on the integral. In a sec-
ond part of this text we explain how Calabi-Yau geometry are naturally associated
to Feynman integrals and that mirror symmetry plays some role in evaluating some
particular Feynman integrals.

1 Introduction

Scattering amplitudes are fundamental quantities used to understand fundamental
interactions and the elementary constituents in Nature. It is well known that scat-
tering amplitudes are used in particle physics to compare the theoretical predictions
to experimental measurements in particle colliders (see [1] for instance). More re-
cently the use of modern developments in scattering amplitudes have been extended
to gravitational physics like unitarity methods to gravitational wave physics [2—0].

The [-loop scattering amplitude Aﬁ / (s,m?) between n fields in D dimensions is
a function of the kinematics invariants s = {s;; = (p; + p;)?,1 <i,j < n} where p;
are the incoming momenta of the external particle, and the internal masses m?> =
(ml,...,mr).

We focus on the questions : what kind of function is a Feynman integral? What
is the best analytic representation?
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The answer to these questions depend very strongly on which properties one
wants to display. An analytic representation suitable for an high precision numerical
evaluation may not be the one that displays the mathematical nature of the integral.

For instance the two-loop sunset integral has received many different, but equiv-
alent, analytical expressions: hypergeometric and Lauricella functions [7, 8], Bessel
integral representation [9—1 1], Elliptic integrals [12,13], Elliptic polylogarithms [ 14—
20] and trilogarithms [20].

The approach that we will follow here will be guided by the geometry of the
graph polynomial using the parametric representation of the Feynman integral. In §2
we review the description of the Feynman integral I for a graph I" in parametric
space. We focus on the properties of the second Symanzik polynomial as a prepara-
tion for the toric approach used in §3. In §2.2 we show that the maximal cut 7 of a
Feynman integral has a parametric representation similar to the one of the Feynman
integral I where the only difference is the cycle of integration. The toric geometry
approach is described in §3. In §3.2 we explain that the maximal cut integral is an
hypergeometric series from the Gel’fand-Kapranov-Zelevinski (GKZ) construction.
In §3.4.2, we show on examples how to derive the minimal differential operator an-
nihilating the maximal cut integral. In §4 we review the evaluation of the two-loop
sunset integral in two space-time dimensions. In §4.1 we give its expression as an
elliptic dilogarithm

I5(p*&7,63,89) = @ ) ¢i ¥ (Lia(¢"z) — (Liz(—¢"2)) M

i=1 n>1

where @ is a period of the elliptic curve defined by the graph polynomial, g the
nome function of the external momentum p? and internal masses ‘g’f fori=1,2,3.
In §4.2 we show that the sunset integral evaluates to
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where .7 (p?,&2,E7,E2) is a sum of trilogarithm functions in (167)

3
F(p*,E8,65.,88) =—(10g0+ Y i koL (Hé?""Q”‘)- 3)
)>0 i=1
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In §4.3 we show that the equivalence between theses two expression is the result of
a local mirror map, g <+ Q in (169), for the non-compact Calabi-Yau three-fold ob-
tained as the anti-canonical bundle over the del Pezzo 6 surface defined by the sun-
set graph polynomial. The free energy .7 (p?, &2, &7, E2) has been computed in [21,
§6.6] has an application of the computation of local refined BPS numbers for toric
del Pezzo surfaces. It is remarkable that the sunset Feynman integral is expressed in
terms of the genus zero local Gromov-Witten numbers [20] and .% (p?, &7, EF,E3)
is the local genus 0 Gromov-Witten prepotential described in §4.3. This results gen-
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eralises to the all family of multi-loop sunset integrals as [?,23]. Therefore this
provides a natural application for Batyrev’s mirror symmetry techniques [24]. One
remarkable fact is that the computation can be done using the existing technology
of mirror symmetry developed in other physical [21, 25, 26] or mathematics [27]
contexts.

2 Feynman integrals

A connected Feynman graph I' is determined by the number n of propagators (in-
ternal edges), the number / of loops, and the number v of vertices. The Euler char-
acteristic of the graph relates these three numbers as v = n — [ + 1, therefore only
the number of loops / and the number »n of propagators are needed.

In a momentum representation an /-loop with n propagators Feynman graph reads

_(wh)° ?:1F(Vi)/ I, d°¢ @
@01y T, ’

T g% To) L1 (g7 —m} +ig)”

where D is the space-time dimension, and we set @ := Y} | v —ID/2 and g; is the
momentum flowing in between the vertices i and i+ 1. With u? a scale of dimension
mass squared. From now we set m? = E?u? and p; — p;lt, with these new variables
the u? dependence disappear. The internal masses are positive éiz >0with1 <i<
n. Finally +ie with € > 0 is the Feynman prescription for the propagators for a

space-time metric of signature (+ — - -- —). The arguments of the Feynman integral
2 .

are &7 :={&7,...,&7} and v := {vi,..., v, } and s := {s;; = (pi + p;)*} with p;

withi=1,...,v, with 0 < v, < v the external momenta subject to the momentum

conservation condition p1 +---+ p,, = 0. There are n internal masses 51-2 with 1 <
i < n, is v, is the number of external momenta we have v, external masses p? with
1 <i < v, (some of the mass could vanish but we do a generic counting here),
and ”(V‘%S) independent kinematics invariants s;; = (p; + p;)*. The total number of
kinematic parameters is

—1 —I+1)(n—1
Nr(n,l)zn-i-% SNF(n,l)max:n-l—%- %)
We set
[F<§;m;D)::IF(§7M7]7"W17D)7 (6)
and for v; positive integers we have
n P Vi
Ir(sym,wD):H( 5 ) Ir(s,m,D). (7
=1 \9(&)
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2.1 The parametric representation

Introducing the variables x; with 1 <i < n such that

Y xila; —&2) = (0, 6) - Q- (6 )T+ (0, 6) (9. 01 =,
i=1
®)

and performing standard Gaussian integrals on the x; (see [28] for instance) one
obtains the equivalent parametric representation that we will use in these notes

IrEv.D)= [ er, ©)
the integrand is the n — 1-form

D
n 0—%5
V,‘—l % 2

Qr = Hxl Fo 0, (10)

where Q is the differential n — 1-form on the real projective space P!

n —
Q=Y (=) 'xjdxy A Adxj A Adxy, (an
j=1

where Jx\j means that dx; is omitting in this sum. The domain of integration A, is
defined as
Ay = {[x1, - x] € Py € Ryx; > 0}, (12)

The second Symanzik polynomial .# = % ((Q’f, .. .,Qfl) Q1. (Q‘ll, .. .,Q#)T
—J), takes the form

ﬁ(i,éz,xh...,xn) :%(xl,...,xn) (Zg?x,) — Z sij%j(xl,...,xn) (13)
i=1

o 1<i<j<n

where the first Symanzik polynomial % (xi,...,x,) = detQ and %;;(x1,...,x,) are
polynomial in the x; variables only.

* The first Symanzik polynomial % (xi,...,x,) is an homogeneous polynomial of
degree [ in the Feynman parameters x; and it is at most linear in each of the x;
variables. It does not depend on the physical parameters. This polynomial is also
known as the Kirchhoff polynomial of graph I". Which is as well the determinant
of the Laplacian of the graph see [29, eq (35)] for a definition.

 The polynomial % (xi,...,x,) can be seen as the determinant of the period matrix
Q of the punctured Feynman graph [28], i.e. the graph with amputated external
legs. Or equivalently it can be obtained by considering the degeneration limit of
a genus / Riemann surfaces with n punctures. This connection plays an important
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in understanding the quantum field theory Feynman integrals as the o' — 0 limit
of the corresponding string theory integrals [30,31].

e The graph polynomial .# is homogeneous of degree / + 1 in the variables
(x1,...,%,). This polynomial depends on the internal masses £ and the kine-
matic invariants s;; = (p; - p;)/ 1. The polynomials &;; are at most linear in all
the variables x; since this is given by the spanning 2-trees [29]. Therefore if all
internal masses are vanishing then .% is linear in the Feynman parameters x;.

e The % and .# are independent of the dimension of space-time. The space-time
dimension enters only in the powers of % and .% in the parametric representa-
tion for the Feynman graphs. Therefore one can see the Feynman integral as a
meromorphic function of (v,D) in C'*" as discussed in [32].

» All the physical parameters, the internal masses 5,2 and the kinematic variables
sij = (pi- p;)/M? (that includes the external masses) enter linearly. This will be
important for the toric approach described in §3.

2.2 Maximal cut

We show that the maximal cut of a Feynman graph has a nice parametric represen-
tation. Let us consider the maximal cut

2 1

l n
5,E2.D) ::—/ dP0T]6(q2 —m +ie), (14)
- I'(0)Q2ir)x'? (RI*D’I)LE E

of the Feynman integral I (s, é Z,D) which is obtained from the Feynman integral
in (4) by replacing all propagators by a delta-function

1 1
o ﬂ5(012). (15)

Using the representation of the §-function

~+oo

o(x) = dwe™™, (16)
we obtain that the integral is
7ir(s,m, D) ! / —iy! |x-(lg+m»2—i£)lLIdD£ ﬁd (17
r\s,m, = e =1 i f X; .
I(0)Q2iz)x? Jr1P-IL i=1 i=1

At this stage the integral is similar to the one leading to the parametric represen-
tation with the replacement x, — ix, with x, € R. Setting %, = ix, and performing
the Gaussian integrals over the loop momenta, we get
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5 1 @wag n nooo
Tu(s,E7,D) := (2m)n/,-n = gé(l—;xi)dxi. (18)
using the projective nature of the integrand we have 527(;;5/2 =i" g//;ﬂ? "2 and the
integral can be rewritten as the torus integral '
1 %w—D/2 n—1
2
ar(s,&°,D ::,7/ — | | dxi. 19
resnp) Qim)" Sl ]=1 T 11 )

This integral shares the same integrand with the Feynman integral /- in (9) but the
cycle of integration differs since we are integrating over a n-torus. We show in §3.2
that this maximal cut arises naturally from the toric formalism.

2.3 The differential equations

In general a Feynman integral I~ (s, é 2, v, D) satisfies an inhomogeneous system of
differential equations
Zrlr =T, (20)

where the inhomogeneous term .7 essentially arises from boundary terms corre-
sponding to reduced graph topologies where internal edges have been contracted.
Knowing the maximal cut integral allows to determine differential operators £

Lrar(s,&%,D) =0, @1

This fact has been exploited in [33-36] to obtain the minimal order differential
operator. The important remark in this construction is to use that the only difference
between the Feynman integral /- and the maximal cut 7 is the choice of cycle of
integration. Since the Picard-Fuchs operator .21 acts as

(%m@§m=y$®=yﬂﬁho (22)

this integral vanishes because the cycle ¥, = {|x;| = --- = |x,| = 1} has no bound-
aries d%, = 0. In the case of the Feynman integral Ir- this is not longer true as

XFIF(&éz,D):./A d(ﬁr)z./aA ﬁrzyr#o. (23)

The boundary contributions arises from the configuration with some of the Schwinger
coordinate x; = 0 vanishing which corresponds to the so-called reduced topolo-
gies that are known to arises when applying the integration-by-part algorithm
(see [37-39] for instance).
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We illustrate this logic on some elementary examples of differential equations for

multi-valued integrals relevant for the one- and two-loop massive sunset integrals
discussed in this text.

2.3.1 The logarithmic integral

We consider the integral

b dx
L(r) = 24
0= 24)
and its cut integral
dx
n(t)= | ——= 25
0= ©5)
where 7 is a cycle around the point x = ¢. Clearly we have
d 1 1 d 1
< ) = f— 26
dx <t—x) x(x—1) AT <x(x—t)> ’ (26)
therefore the integral 7(z) satisfies the differential equation
d " d 1
t—m(t )= —(——1=0 27
Grw+ai= [ (£ =0 @n
and the integral [; (¢) satisfies
L) +1 (t)—/bi L R (28)
' MW Je ax\t=x) bb—1) ala—1)

Changing variables from ¢ to p* or an internal mass will give the familiar differential
equation for the one-loop bubble that will be commented further in §3.4.

2.3.2 Elliptic curve

The second example is the differential equation for the period of an elliptic curve
& 1 y?z = x(x — z)(x — tz) which is the geometry of the two-loop sunset integral.
Consider the differential of the first kind on the elliptic curve

0= L, (29)
x(x—1)(x—1)

this form can be seen as a residue evaluated on the elliptic curve @ = Ress €2 of the
form on the projective space P>

Q

Q= Vz—x(x—z)(x—tz)

(30)
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where Qo = zdx Ady+ ydz N\ dx+ xdy A dz is the natural top form on the projective
space [x:y: z]. Systematic ways of deriving Picard-Fuchs operators for elliptic curve
is given by Griffith’s algorithm [40]. Consider the second derivative with respect to
the parameter ¢

d? x2(x—z)%2?
g2mt T A2 3<%
dt (Pz—x(x—2)(x—1z))

the numerator belongs to the Jacobian ideal® of the polynomial p(x,y,z) := y>z —

x(x —2)(x —12), i = (dp(x,3,2) = =3x% +2(t + 1)xz — 12°2,9,p(x,y,2) = 2yz,
azp(xvya 7)=(t+ 1)x2 +y2 —2txz), since

€29

X (x—2)°2 =myoep(x,y,2) +mydyp(x,y,2) +mld:p(x,y,z) . (32)

This implies that

2 dymy, + Aym. + d.m!

dr? (Pz—x(x—27)(x—12))? 0

1 1 1 1 1 1
+d <(ymz - Zmy)dx+ (me _xmz)dy+ (me _ymx)dz> (33)

(z—x(x—2)(x—1z2))?

therefore
aig N (t)i_Q _ P ()x(x —z)z+ dum) + aym; + d,m!
a™" TP g 0% —x(x—2)(x—12))2 ’
d (ym! —zm})dx+ (zm} —xm})dy+ (xm) — ym})dz 34
(22 —x(x —z2)(x —12))? '

One easily derives that dym! + 3ym; + d,m! is in the Jacobian ideal generated by J;
and x(x — z)z with the result that

dumy + dym} + d:ml = midp(x,y,2) +midyp(x,y,2) +m2d.p(x,y,2)
2t —1
tt—1)

x(x—2)z, (35)

therefore p; () = t%t’%ll) and the Picard-Fuchs operator reads

2 Anideal / of a ring R, is the subset / C R, such that 1) 0 € 1, 2) forall a,b € I thena+b € 1, 3) for
aclandb€R,a-beR.ForP(xy,...,x,) an homogeneous polynomial in R = Clxy,...,x,] the Ja-
cobian ideal of P is the ideal generated by the first partial derivative {dy, P(x1,...,X,)} [41]. Given
a multivariate polynomial P(xj,...,x,) its Jacobian ideal is easily evaluated using Singular
command jacob (P). The hypersuface P(x,---,x,) = 0 for an homogeneous polynomial, like
the Symanzik polynomials, is of codimension 1 in the projective space P*~!. The singularities of
the hypersurface are determined by the irreducible factors of the polynomial. This determines the
cohomology of the complement of the graph hypersurface and the number of independent master
integrals as shown in [42].
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42 La-1 2t—1 d dum? + aymg + d,m? B
a2 i1 di (Pral—)x 1)
4 ( (ym} —zm})dx+ (zmy — xm})dy+ (xm) — ymi)dz)

(z—x(x—2)(x—1z))?

o ((ymg — zmy)dx + (zm — xm?)dy + (xm; _ym)%)dz> . (36)

y2iz—x(x—z)(x—1z)

since dym3 + dym; + d.m? = — ﬁ we have that

d? d B y
(4t(t—1)dt2—4(2t—1)dt+1>co——28x <(x_t)2> . 37)

For a and 8 a (sympletic) basis of H,(&’,Z) the period integrals @ (¢) := [, ® and
@, (t) := [ o both satisfy the differential equation

4t(t—1) @ 4(1—21) d +1)@(@)=0 (38)
dr? dt R

Again this differential operator acting on an integral with a different domain of
integration can lead to an homogeneous terms as this is case for the two-loop sunset
Feynman integral.

The all procedure is easily implemented in Singular [43] with the following
set of commands

In [1]: // Griffith-Dwork method for
deriving the Picard-Fuchs operator for the elliptic curve
yr2z=x(x-2z) (x-tz)

In [2]: ring A=(0,t), (x,v,2),dp;
In [3]: poly f=y"2+4z-x*x(x—2z)* (Xx-t*2z);
In [4]: ideal Il=jacob(f); Il

Out [4]: [ =—3%xx2+ (2t+2) *xz+ (—-t) xz2

1]
1[2]=2xyz
1[3]=(t+1) *x2+y2+ (—2t) »x2z

In [5]: matrix M1l=1ift (Il,x"2%(x-z)"2%xz"2); Ml

Out [5]: M1[1,1]1=2/(3t+3)*xz3
M1[2,1]1=-1/(2t+2) +»x2yz+1/ (6t+6) *xyz3
1[3,11=1/(t+1)*x2z2-1/(3t+3) xz4

In [6]: // checking the decomposition
X"2x (x—2) "2%2"2-M1[1,1]«I[1]-M1[2,1]*I[2]-M1[3,1]1+I[3]
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Out[6]: O

In [7]: poly dCl=diffM[1,1],x)+diff (M[2,1],Vv)

+diff (M[3,11,2);

dc1l

Out[7]: dC1l=3/(t+1)*x2z-1/(t+1)*z3

In [8]: ideal I2=jacob(f),x*(x-2z)x*z;

In [9]: matrix M2=1ift (I2,dCl); M2

out [9]: M2[1,1]1=1/(2t242t) xz
M2[2,1]1=1/(4t2-4t) *y
M2[3,1]1=-1/(2t2-2t) *z
M2[4,1]1=(2t-1)/(t2-t)

In [10]: // checking the decomposition
dC1-M2[1,1]*I[1]-M2[2,11+I[2]-M2[3,1]1*I[3]
-M2[4,1]*x* (x—2) *2

Out[10]: O

In [11]: poly dC2=diff (M2[1,1],x)+diff(M2[2,1],y)
+diff(M2[3,1],2);
dc2

Out [11]: -1/ (4t2-4t)

3 Toric geometry and Feynman graphs

We will show how the toric approach provides a nice way to obtain this maximal cut
integral. The maximal cut integral 7 (s, éz,D) is the particular case of generalised
Euler integrals

r n
/Hl’i(xl,...,xn)a"nx?"dxi (39)
O =1 i=1

studied by Gel’fand, Kapranov and Zelevinski (GKZ) in [44,45]. There P;(x1,...,X,)
are Laurent polynomials, o; and f3; are complex numbers and o is a cycle. The cycle
entering the maximal cut integral in (19) is the product of circles 0 = {|x;| = |x| =
-++ = |x,| = 1}. But other cycles arise when considering different cuts of Feynman
graphs. The GKZ approach provides a totally combinatorial approach to differential
equation satisfied by these integrals.

As well in the case when P(x,z) = ¥ zi,,..i, [ 11 xlq" is the Laurent polynomial
defining a Calabi-Yau hypersurface {P(x,z) = 0}, Batyrev showed that there is one
canonical period integral [46,47]
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1 1 1 dx,'
@)= (2im)" /\m:---:\mzl P(x,z) HXT' @0

i=1

This corresponds to the maximal cut integral (19) In the case where @ = D/2 =1
which is satisfied by the (n — 1)-loop sunset integral D = 2 dimensions. The graph
hypersurface of the (n — 1)-loop sunset (see (48)) is always a Calabi-Yau (n — 1)-
fold. See for more comments about this at the end of §4.3.1. We refer to the re-
views [48,49] for some introduction to toric geometry for physicts.

3.1 Toric polynomials and Feynman graphs

The second Symanzik polynomial .7 (s, & 2,x1, ...,Xp) defined in (13) is a speciali-
sation of the homogeneous (toric) polynomial® of degree [ 4 1 at most quadratic in
each variables in the projective variables (xi,...,x,) € P"~!

n
‘%torlc(gaxla"wxn) :%lmr(xla"'rxn) Zéizxi 74//[mr(-x17"'7xn)a 41)
i=1

where for [ <n

n
?/ltor(xl,...,xn) = Z uil,_“?,’on;", 42)

0<r;<1 i—=1
ry =l

where the coefficients u;, . ;, € {0,1}. The expression in (41) is the most generic
form compatible with the properties of the Symanzik polynomials listed in §2.1.

There are (n—nil‘)'l' independent coefficient in the polynomial %" (xy,...,x,). Of
course this is a huge over counting, as this does not take into account the symmetries
of the graphs and the constraints on the non-vanishing of some coefficients. This will
be enough for the toric description we are using here. In order to keep most of the

combinatorial power of the toric approach we will only do the specialisation of the

3 Consider an homogeneous polynomial of degree d

this is called a toric polynomial if it is invariant under the following actions
L n Bii
=67 =4 .
j=1 Jj=1

for (t1,...,t,) € C" and o; and B;; integers. The second Symanzik polynomial have a natural torus
action acting on the mass parameters and the kinematic variables as we will see on some examples
below. We refer to the book [41] for more details.
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toric coefficients with the physical slice corresponding of Feynman graph polyno-

mial at the end on solutions. This will avoid having to think at constrained system

of differential equations which is a difficult problem discussed recently in [42].
The kinematics part has the toric polynomial

n
tor o Ti

KXt xn) =Yz | X (43)

0<r;<1 i=1

rytetm=I+1
where the coefficients z;, ... ;, € C. The number of independent toric variables z; in
tor ; n! N
YT (x1,y. .. xp) 18 CEEEE

3.1.1 Some important special cases

There are few important special cases.

* At one-loop order [ = 1 and the number of independent toric variables in
YT (x1,...,%,) is exactly the number of independent kinematics for an n-gon
one-loop amplitude

In this case the most general toric one-loop polynomial is

n

n
FL (X1, 3 n) = <in> (Z éizxt) — (X1, ). (44)
i=1 i=1
e For [ = n there is only one vertex the graph is n-bouquet which is a product of n
one-loop graphs. These graphs contribute to the reduced topologies entering the
determination of the inhomogeneous term .7 of the Picard-Fuchs equation (20).
They don’t contribute to the maximal cut 7 for [ > 1.

» The case [ =n — 1 corresponds to the (n — 1)-loop two-point sunset graphs
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In that case the kinematic polynomial is just
P (X1, Xn) =20, 1% X (45)

and the toric polynomial

n n
ui,.0,..,1
T (X1, ) = X1 (Z x’) (Zé?a) XX, (46)
i=1

i=1 i

where the index 0 in uy .o, 1 is at position i. Actually by redefining the param-
eter 71, .1 the generic toric polynomial associated to the sunset graph are

X
FE 1y ) =31 X | )Y wi= =20 |, (47)
1<ij<n  Xj

i
where z;; € C and z9 € C\{0}. This polynomial has 1 —n -+ n? parameters where
a sunset graph as n+ 1 physical parameters given by n masses and one kinematics
invariant

=171 i

; 5 o2 I+1 1 +1 ) )
FLp* &5 x)=x1- x| ) Eixi | —px1-xign - (48)
=1

So there are too many parameters from n > 3 but this generalisation will be useful
for the GKZ description used in the next sections.

3.2 The GKZ approach : a review

In the section we briefly review the GKZ construction based on [44, 45] see as
well [50]. We consider the Laurent polynomial of n — 1 variables P(z,...,z,) =
FTz. X1, .., X/ (X1 x,) from the toric polynomial of §3.1. The coefficients of
monomials are z; (by homogeneity we set x,, = 1)

n—1
P(z1,...02) = Y AN (49)
1

a=(ay,...ap—1)€EA  i=
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witha = (ay,...,a,_1) is an element of A = (ay,...,a,) a finite subset of Z"~!. The
number of elements in A is r the number of monomials in P(zy,...,z,).
We consider the natural fundamental period integral [51]

1 L dx;
@) =——- / PG, [T =, 50
(g) (2im)" 1 Sy ==y =1 (etsee120) 0

i=1 M

which is the same as maximal cut 7 in (19) for D = 2@ = —m. The derivative with
respect to z, reads

0 1 nl dx;
—I1(z) = ——— P(z1,...,z,)" ! 4 L 51
aza (;) (Ziﬂ)n_l \/\xl ey |=1 m (Zl, 7ZF) sz P (51)

i=1 i
therefore for every vector £ = (¢y,...,¢,) € Z"! such that
bO+---+4,=0, ha+---+la,=£-A=0, (52)

then holds the differential equation

(H -1 azlf’t) (z) =0. (53)
;>0

1;<0
Introducing the so-called /-hypergeometric functions” @y y(z1,...,2,) of r
complex variables (z1,...,z,) € C”
p Z)/J+/j
DLy(zi,nw) = Y, []l==t—= (54)

o yenjmi T+ +1) ’

depending on the complex parameters ¥ := (,...,% ) € C" and the lattice

r
L:={(l1,....,t;) €Z| ) lia; =001 4+, =0}, (55)
i=1
with r elements {ay,...,a,} € Z". These functions are solutions of the so-called
4/ -hypergeometric system of differential equations given by a vector ¢ € C" and :
e Forevery £ = (¢,...,£,) € L there is one differential operator
O¢:= [] 24— [ 2" (56)
£;>0 £;<0

such that O, Py y(21,...,2,) =0
« ndifferential operators E := (Ey,...,E,_1)

4 The convergence of these series is discussed in [52, §3-2] and [50, §5.2].
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d
E::alzli+"'+arZr

2. 57
821 aZr ( )
such that for ¢ = (¢, ...,c,—1) we have

(E—c¢)®py(z1,-..,2,) =0. (58)

Notice that E; = Y1 zia% is the Euler operator and c; is the degree of homo-
geneity of the hypergeometric function.
These operators satisfy the commutation relations

2'E—Ez" = —(A-u)z",
I'E—EJd!'=(A-u)d!, (59)

3 u.__ r u u.__ r u
with 2% :=[]_, z" and 9} :=[];_; J".

Using the GKZ construction one can easily derive a system of differential op-
erator annihilating the maximal of any Feynman integral after identification of the
toric variables with the physical parameters. The system of differential operators ob-
tained from the GKZ system can be massaged into a set of Picard-Fuchs differential
operators in a spirit similar to the one used in mirror symmetry [25,41,53].

Since it is rather complicated to restrict differential operators but it is easier to
restrict functions, it is therefore preferable to determine the o7 -hypergeometric rep-
resentation of the maximal cut integral and derive the minimal differential operator
annihilating this integral. For well chosen vector £ € L the differential operator fac-
torises with a factor being given by the minimal (Picard-Fuchs) differential operator
acting on the Feynman integral.

An important remark is that the maximal cut integral

1 n—1
- — [ 1ax, (60)
bet=-=lta1|=1 FT l:—[n
is a particular case of fundamental period I1(z) in (50) with m = —1 and therefore

is given by a .27 -hypergeometric function once we have identified the toric variables
z; with the physical parameters.

In the next section we illustrate this approach on some simple but fundamental
examples.

3.3 Hypergeometric functions and GKZ system

The relation between hypergeometric functions and the GKZ differential system can
be simply understood as follows (see [50, 54, 55]).
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3.3.1 The GauB hypergeometric series
Consider the case of L = (1,1,—1,1)Z C Z* and the vector y = (0,c — 1,—a, —b) €
C* and c a positive integer. The GKZ hypergeometric function is

n, l—c+n,—a—n, —b—n

_ ) Uy~ Uy
(DL’Y(MI"u4)7}/§ZF(1+11)F(C+H)F(1—Vl—a)r(l—l’l—b)7 (61)

which can be rewritten as

Dpy (... us) = ”‘”2) . (62)

(O (1—a)(1-b)

The GKZ system is

(v

Py 92
(814] our Juzduy

)e
)
)

3

< — +tuz3— 3143 +a

< +u4 —‘rb y(ul,...,u4):0. (63)
By differentiating we find

< 32 d

8u18u2 8u1 87141

d d
<u3l/l4au38u4 < aM—FCl) < &m+b>>%7y(ul,...,u4):0. (64)

combining these equations one finds

p) d
(ula—i-(l—l—a—l-b)ma-i-ab)% (u1,...,us)

92 J
_ ot (m +ca) PLy(s-oyua). (65)
ui

u au%

Setting F(z) = I'(c)['(1 —a)[ (1 —b)®py(z,1,1,1) gives that F(z) = »F(*"[z)
satisfies the Gaul} hypergeometric differential equation

d*F (z) dF(z)
dz

z2(z—1) ) +((a+b+1)z+¢)

+abF(z) =0. (66)
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3.4 The massive one-loop graph

In this section we show how to apply the GKZ formalism on the one-loop bubble
integral

3.4.1 Maximal cut

The one-loop sunset (or bubble) graph as the graph polynomial
Fo(x1,20,, 68, &5) = pPrixa — (E7x1 + &) (41 +x2) - ©7)

The most general toric degree two polynomial in P? with at most degree two mono-
mial is given by

y > 2
FE(x1,%2,21,22,23) = 21X] +20%5 +23X1%2 . (68)

This toric polynomial has three parameters which is exactly the number of indepen-
dent physical parameters. The identification of the variables is given by

a=-&,  w=-&, s=p-E+E&), (69)
We consider the equivalent toric Laurent polynomial
Ftor 3 12

= Zzixlixzi , (70)
i=1

P(X],)Q) = X1

so that p? in (67) corresponds to the constant term (or the origin the Newton poly-

tope) and setting a; = (1,a},a?) we have

a 1-1 1
Ac=|a | =11 -1]. (71)
a; 10 0
The lattice is defined by
Lo :={€:= ({1,02,03) € Z*|01a; + Lrar + (323 =€ -A, = 0} . (72)

This means that the elements of L. are in the kernel of A,. This lattice in Z> has
rank one
Lo=(1,1,-2)Z. (73)
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Notice that all the elements automatically satisfy the condition ¢| + ¢, 4¢3 = 0.

Because the rank is one the GKZ system of differential equations is given by

92 92
T 90, (9z3)?’
59
di =) zp—,
1 ,;1 raZr
d d
dy =71 = — 23— 74
2i=ag g, (74)
By construction for o € C
el(ﬁ[()r o — O
di(F)% = a ()%, (75)
and 1
L)% = 5 (30 (1 (F)%) = 0 (2 F)) 16)

therefore the action of the derivative dy vanishes on the integral but not the integrand

dz/(ﬁgw)“:o for  9y—=0. 77)
Y

The GKZ hypergeometric series is defined as for y; € Z
3 Zﬁﬁ%‘

o, = —_—t
Ly Z&ggr(lﬁwr 1)

(78)

in this sum we have £ = n(1,1,—2) with n € Z, and the condition 21‘3:1 Ya; =
(0,0, —1) which can be solved using Y= (11,2, 13) = ¥(1,1,—-2) 4+ (0,0, —1), lead-
ing to

1 u'l

P = — , 79

Ly ™ ,gzr(n+y+1)21“(—2n+y) (79
where we have introduced the new toric coordinate
2£2

wy = A2 515 (80)

2 2"
5 (P-E+E)
This is the natural coordinate dictated by the invariance of the period integral under
the transformation (x;,x,) — (Axy,Axz) and (z1,22,23) — (z1/A,22/A,23/A).

This GKZ hypergeometric function is a combination of 3F, hypergeometric func-
tions
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o = 1 ul™! (11 v, 1—7y
TS\ TIP3+

1A=k
N R ’414 . @81
Tiy+12°2 14y 14y 1T ®D
For y = 0 the series is trivially zero as the system is resonant and needs to be

regularised [52, 56] . The regularisation is to use the functional equation for the
I'-function I'(z)I"(1 — z) = &/ sin(xz) to replace the pole term by

lim L (¢)

e—0 T (—2n+€) =I'(1+2n), n € Z\{0}, (82)

and write the associated regulated period as

1 u'il ()
T, = lim — 1 , 83
sl—r>1(1)z3 S C(n+1)2T'(—2n+¢) (83)
which is easily shown to be
1 i1 1
To(21,22,23) = —2F1 (2 ‘4141) =
3 ! V22 —4u2
1
= (84)

VPE=CE+&)D)(p - (& -&))

This expression of course matches the expression for the maximal cut (19) integral
T (p?,E2,E2,2) in two dimensions

1 dxdx
2 g2 £2 12
o(p7,E(,65,2) = —— F(x1.30) 5
m (781 8.2) = i /WZMZI Zo(x12) "

3.4.2 The differential operator

From the expression of the maximal cut 7, in (84) as an hypergeometric series,
which satisfies a second order differential equation (66), we can extract a differ-
ential operator with respect to p? or the masses &7 annihilating the maximal cut.
This differential equation is not the minimal one as it can be factorised leaving
minimal order differential operators are annihilating the maximal cut are such that

L;‘E([)no (pza 5127 522) =0and L;F)(z)n'o (1727 5127 §22) =0 with

. a.d P& - &)
ber ) = G G e (P - G =& o

and
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o _ed EL(p* &1 +&3) &7
PE@ TR g (P -G+ (PP - (& - &)
with of course a similar operator with the exchange of & and &,. These operators
do not annihilate the integrand but lead to total derivatives

o, ( P28~ ("~ (& +&))x) )

(P2 = (&1 + &) (P2 — (61— &)2) Falxr, 1,2, 6%)
(88)

e ! o (P =8P =8P+ &) -G (PP +E - &)
(2 - Y% .

T Zw e I\ - G+ &) (P (& - &)D) Pl 1, p2 ED)
(89)
These operators can be obtained from the operator zd /dt + 1 derived in §2.3.1 and

g 8) 4
52

2
the change of variables r = \/(p 5 . For the boundary term one needs

1
to pay attention that the shift induces a dependence on the physical parameters in
the domain of integration.

3.4.3 The massive one-loop sunset Feynman integral

Having determined the differential operators acting on the maximal cut it is now
easy to obtain the action of these operators on the one-loop integral. The action of
the Picard-Fuchs operators on the Feynman integral I, (p?, 512, <§22, 2) are given by

o 2
LPF,(])IO(vaélzvégvz) = (pz — (5] +<§2)2)(p2 — (él — 52)2) ’ (90)
and 52_52_p2
Lpp oyl (p? 67, 65.2) = AT o1

(P = (61 +8)°)(P* = (61— &)%)

It is then easy to obtain that in D = 2 dimensions the one-loop massive bubble
evaluates to

2 g2 g2y _ !
Io(p aél 352) - \/(pz — (él +§2)2)(p2 _ (él 752)2)
< log <p2 (E+8) -V - & +8))P* - (& 52)2)) .92

PP = (E+E) V(- G+ (PP - (6 - &)?)
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3.5 The two-loop sunset

The sunset graph polynomial is the most general cubic in P?> with maximal order
two degree for each variables

1 1 1
Fo(x1,%2,%3,1,E%) = x1x0%3 <P2 — (Efx1 + EFxy + E3x3) ( +—+ >> ,
2 X1 X2 X3

which corresponds to the toric polynomial

o X3Z1 | X222 X323 | X124 X235 X1Z
P :x1x2x3(3‘+“+”+‘4+“+16+z7>. 94)

X1 X1 X2 X3 X3 X2

To the contrary to the one-loop case there are more toric parameters z; than physical
variables. The identification of the physical variables is

E=u=n -G=n=u -&G=u=un pP-E+&+E) =1,
95)
As before writing the toric polynomial as
LI R
Po=Y wx'xy o (96)
i=1
and setting a; = (1,a},a?,a}) we have
1-10 1
1-11 0
a 10 —-11
Ac=|:|=|11 0 -1}, 97
as 10 1 -1
11 -10
10 0 O
The lattice is now defined by
Lo ZZ{ZIZ (f],...,fﬂEZ7|£131—|—--~+€737 =£~A@ ZO}. 98)
This lattice in Z’ has rank four Lo = @?zlLiZ with the basis
L 10001 1 =3
_ 01000 1 =2 ’ 99)

00101 0 —2
Ly 0001 —1-11

From this we derive the sunset GKZ system



22 Pierre Vanhove

PE PE
T 921025075 (9z7)3
92 92
T 900z (0z)2
92 92
T 530z (dz7)%’
2 2
ey = 87 — 87 (100)

074077  dz597

by construction e;(.ZX")* = 0 with o € C for 1 <i < 4. We have as well this second
set of operators from the operators

LA
dy:=) z—,

4 n 0 d d
= z — 45— —2635 >
2 8 292 d2 4 dza 6 dz6
4 d n d d
=s— -5 +B5 —65
’ 20z 0z oz Cdz
d d d d
dy =215 +B5——u5— —%55— 101
YT "0 Mo Yoz 1oy
The interpretation of these operators is the following
* The Euler operator d; %5, = o0 %5, for a € C.
» To derive the action of these operators on the maximal cut period integral
AR M / s | H X, (102)
we remark that if .7?" = x;x,x3 P> we have
4 dx\ _ —zix/x a3tz /X —26/% dx A dxy
Py x N Pé X1 x
J 1 dxy :_Z1x1/x2+Z2X1 —2Z4X2/XI—Z5/)C1 @/\@7 (103)
Po x P3 Xy X

therefore since the cycle y has no boundary
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1d

dym?" = d( xl) =0,
y \Po xi
1 dXQ

d t()r:_/d _ :0
375@ (P/\ )Cz) ’

1 /d d
dng”:/ (P <x1 x?)):o. (104)

¢ The natural toric coordinates are

713526 2236 2325 2477
uy = 3 up = 5 usz = 3 Uug '=—= —, (105)
7 27 <7 3526

which reads in terms of the physical parameters

515 88

(P - (E+E+ED)) (P2 —(E2+E2+En)

PP—(E+E7+&D)
&2 ’

They are the natural variables associated with the toric symmetries of the period
integral

Uy =

Uy = Uy = Uplziy. (106)

(x1,%2) = (Ax1,x2),  (21,22,23,24,25,26,27) — (21/A,22/ A, 23,24, 25A , 26, 27),
(x1,%2) = (x1,Ax2),  (21,22,23,24,25,26,27) — (21A,22,23/ A, 24/ A, 25,264, 27),

(x1,%2) = (Ax1,Ax2),  (21,22,23,24,25,26,27) — (21,22/A, 23/ A 24,254,264, 27).
(107)

The sunset GKZ hypergeometric series is defined as for §; € Z with 1 <i <7

l+Y,

ool (z15--+527) (108)
wy %LH ey )
in this sum we have £ = Z?:l n;L; with n; € Z, and the condition 2,7:1 Ya;, =
(—1,0,0,0) which can be solved usingy = (¥1,...,17) = X %L +(0,...,0,—1).
Using the leading to toric variables the solution reads

1 V111+Y1 n+y n3+}@ n4+74
dﬁf (z1y.00y27) = —
i 27 (n,,.§4)ez [T (”l+%+1)
y 1
Fm+nm—nm+n+rp—nun+)n+m—m+n+p—mn+l)
1

. (109
F(—?)l’l] —2ny —2n;3 +n4—3)/| —2)/2—2)/3+74) ( )



24 Pierre Vanhove

With ¥ = (0,0,0,0,0,0,0) the series is trivially zero as being resonant. The resolu-
tion is to the regularise the term has a zero by using for /7 < 0

Jim L (&)

—(_1\¢ _
Eﬁom—( 1) 7F(1 57), (110)

and write the associated regulated period as

(é]Z)nlJrnz (522)n1+n2+n37n4(§32)n|+n3
S%P’llﬂz«n&’m)EN ?:l ra +ni)

(pZ _ (512 + €22 4 €32)>73n172n272n3+n47] (_1)73n1 72n272n3+n41"(8)
C(14+n +ny—ng)IC'(1+n;+n3—ng)I(—3n; —2np —2n3+ns +€)

72 (p?,€%) = lim

(111)

One can expand this expression as a series near t = oo to get that

n!

2
2 (2.8,8.6) = Y ()" ) gmEmes (112

n-rnz!
n>0 ny+ny+n3=n (n1.l’l2.l’l3.

which is the series expansion of the maximal cut integral

3
@2 g2y _ 1 / 1
/9 =—— [ —1ldx 113
© (p 7§ ) (2!717)3 Yg\@ II:II Xiy ( )
where v = {|x;| = |x2| = |x3] = 1}. The construction generalises easily to the case

of multi-loop sunset integrals in an easy way [?].

3.5.1 The differential operators

Now that we have the expression for the maximal cut it is easy to derive the min-
imal order differential operator annihilating this period. There are various methods
to derive the Picard-Fuchs operator from the maximal cut. One method is to use the
series expansion of the period around s = 1/t = 0. Another method is to reduce the
GKZ system of differential operator in similar fashion as shown for the hypergeo-
metric function in §3.3.1. This method leads to a fourth order differential operator
which factorises a minimal second order operator. We notice that this approach is
similar to the integration-by-part based approach
The minimal order differential operator is of second order

d \? d
Ly = <p2dpz> +aq1(p*,€%) <p2dp2> +q0(p.E%), (114)

with the coefficients given in [20,57]. The action of this differential operator on the
maximal cut is given by
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3

o, _ | o1 _ 1 ; e —
Lppms —W/yfp%y def—wfy<g&iﬁi dei—o. (115)

The action of this operator on the Feynman integral is given by then we find that
that full differential operator acting on the two-loop sunset integral is given by

"%}gl-‘]@(p 5 [‘|>0 (Zaﬁt) del So, (116)

x>0 i=1

where the inhomogeneous term reads
2 g2 2 g2 mi 2 g2 m3
y\f:\:@@(p 75 )+CI(P 7§ )10g W +C2(p 7§)10g W ) (117)
3 3

with the Yukawa coupling’

6P —4pP (&P + &+ 8D 20T i
= (P?PIIL (P2 — 1) ’
where (1,...,ta) = (=& + &+ &)1, (& — &+ 8)D), (& + & — &)Y, (& +

& +&3)?)). A geometric interpretation is the integral [20]

(118)

d
- [ anpia, (119)
&o p

where Qg is the sunset residue differential form

dxy Nd. dx; ANd dxz N\d
.Q@ZRCS&,;\ Ox1 Xy Ndx3 +Xx3 )f; X2 +X2dx3 x1 (120)
©

on the sunset elliptic curve

&y = {p2x1x2x3 — (512)61 + ézzxz + 532)(3)()(1)(2 +x1x3 +x2x3) | (x1,x2,x3) € IP’2} )
(121)
The Yukawa coupling satisfies the differential equation

PS0) = - (P NP ED). (12)

The coefficients ¢ and ¢; in (117) are the integral of the residue one form between

the marked points on @y = [0, —&2,E7], 0Qr = [—£7,0,E2] and Q3 = [—E7,E2,0] on
the elliptic curve [20]

5 This quantity is the usual Yukawa coupling of particle physics and string theory compactifica-
tion. The Yukawa coupling is determined geometrically by the integral of the wedge product of
differential forms over particular cycles [58]. The Yukawa couplings which depend non-trivially
on the internal geometry appear naturally in the differential equations satisfied by the periods of
the underlying geometry as explained for instance in these reviews [48,59].
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2 g2 2 g2 %
a(p,§7):=p ) 0 967 a(p 7§)3=Pﬁ o Qq. (123)

3.6 The generic case

In this section we show how to determine the differential equation for the /-loop
sunset integral from the knowledge of the maximal cut. The maximal cut of the
[-loop sunset integral is given by

2 (P2 &) = Y A (ln, &L, ER ), (124)

n>0
with

! 20+1 ‘
Ao(ln &l &)= Y (rl'",> [1&.  a2s

rite g =n

3.6.1 The all equal mass case

For the all equal mass case one can easily determine the differential equation to all
order [28] using the Bessel integral representation of [9]. We present here a different
derivation.

For the all equal masses the coefficient of the maximal cut satisfies a nice recur-
sion [60]

k a;j—1
Z nlt2 Z Z H —a;b; ( zil) Ao(l,n—k,1) =0,
i=

k>0 1<i<k aj+bj=I1+2
I<ai+1+1<ai§1+]

(126)
where g; € N. Standard method gives that the associated differential operator acting
ontmh(t,1,...,1) = L,50(p?) "A(l+ 1,n,1,...,1) reads

i1 d +2—a;
Jdmass 2Nk 2
D MU W N ()
k>0 1<i<k aj+bj=1+2.a5.41=0 p
1<a,—+1+1<ai§l+l

ai—djy]

k ' d
xg(—aibi) (k—z— dez) . (127)

This operator has been derived in [28, §9] using different method.
They are differential operators of order [, the loop order, in d/dp? and the coef-
ficients are polynomials of degree [+ 1
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o 11/2)+1 d\!
Lo = (=pH)P T (pz—u3)<dp2> +eo (128)
i=1

where p? := (£1£1---£1)? is the set of the different thresholds. The operator

.Z}E?’lmm is the Picard-Fuchs operator of the family of elliptic curves for I3 (6)

for the all equal mass sunset [61], the operator .,%;;)7“”“” of the family of K3 sur-

faces [62]. Having determined the Picard-Fuchs operator it is not difficult to derive
its action on the Feynman integral with the result that [28]

LS (1o (PP, 1)) = — (14 1)1 (129)

3.6.2 The general mass case

For unequal masses the recursion relation does not close only on the coefficients (125)
and no simple closed formula is known for the differential operator on the maximal
cut. The minimal differential operator annihilating the 7rél>(t, 52) can be obtained
using the GKZ hypergeometric function discussed in the previous section.

For the [-loop sunset integral the GKZ lattice has rank 12, L = ):52:1 n;L;. For
instance for the three-loop sunset the regulated hypergeometric series representation
of the maximal cut reads

(éf)nl +ny+n3 (522)n1 +n3+ng+ng—n7—ng—+ng

(3); 2 g2 .
— 1
75 (p7,67) = — lim ~ 1, T (1+n)

(632)112-5%5 +ng (542)}11 +ng+ng

I'(ni+ns+ne—n7;—ng+ 1)I'(np+ns —ng+ng—ng+ 1)

X
F(n1+n3—n5 +n6—n7—ng+n9+l)
(7p2+§12+§22+&32+&3)*3"1*2"2*2"3*2"4*”5*2"64‘"7*”9*11‘(8)
I'(—3n; —2ny —2n3 — 2n4 — ns — 2ng +n7 —ng + €)

(130)

The minimal order differential operator annihilating the maximal cut p? ﬂ((j) (p?, 52)

with generic mass configurations, &; # &, # &; # &, and all the masses non vanish-
ing, is an operator of order 6, with polynomial coefficients c;(¢) of degree up to 29

6 d k
Lipe =Y clt) (tt) ) (131)

k=0

For instance the differential operator for the mass configuration & =i with 1 <i <4
is given by



28 Pierre Vanhove

ce = (1 —100)(t —36)(t — 64)(t — 4)*(t — 16)?
x (345t'2 —10275¢"" +243243¢'0 +-700860r° — 2890194441° 49517886160
— 1692448439047° +- 2163112875520 — 243752641259521*
+1986274590105601 — 896517312217088¢>
+15703629103104007 — 1192050032640000), (132)

and

cs = (t—4)(t—16)(7245t'7 — 1461150¢'° + 108842709¢'> — 40730218201
+79037467036t "2 + 7060496135201 12 — 122977114948800: !
+4897976525794560¢'° — 1180579664354027521°
+2042520337021317120¢% — 28129034886941589504+
+321784682881513881600:° — 28775225280576592281607°
+ 179789489625335280435201* — 69950845277551433089024+°
+1511785577801280651264007> — 182250696371318292480000¢
+96676211287130112000000),

(133)

and

cs = 2(23460r"? —4086975¢'® 42739747661 '7 — 9833465295¢'¢
+ 173874227860r'> + 3780156754180¢ '
—4190913860817441'3 + 16647873781420800z 2
—425729411677916160¢'! 4+ 8098824799795968000 '°
— 125136842089603031040¢° 4 1631034274362173030400¢
+ 1736439041464210135449617 4 14061261551809753382912076
— 8078680600151437921484807° + 3100095209313936311582720r*
—75637514511920012627804161> + 114485860135942181879808007>
— 9812428506034109153280000¢ -+ 3374878648568905728000000), (134)

and
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3

and

= 12(8970¢" — 11470501 '® + 5644226417 — 14772730501 '® — 447578647+
+2416587481200¢'* — 130189239609348¢'* +4001396495500560¢ 2
—86975712270293184:'" + 1511724058206439680: "
—226901739449988311041° + 289974679497600921600¢®
—2900762618196498137088: " + 20882244400635484241920¢°

— 101090327023260610854912¢ + 308760428925736546467840r*

— 5590572372442673326325761° + 5331772831181096091648001>

—133034777312420167680000¢ — 140619943690371072000000),
(135)

¢ =24(3105¢" —260100¢'® + 874069517 — 121279200¢'° — 8982728081'

and

Cc

and

+771645247175t"* — 29786960482306¢ ' 4 741851366254700¢ '
— 14140682364004072¢'! 4-237224880534337760¢'°
—36054622771236209921° + 447251698803495603207°
—40576714208814292787217 4-2549108215435181793280¢°

— 113072414968645631016961° + 40972781273200446013440*

— 1417976140144795252162561° + 363118631232748702924800¢>
— 415180490608717332480000¢ -+ 210929915535556608000000),

(136)

| = 24(345t" — 15000¢'® +345675¢'7 + 73236001 '° — 3165461083¢'
+ 1849434207501 '* — 5084383561348 +91042473303800¢ 2
— 13448241634015361!! + 17444484465759680¢'°
— 1461554447222440961° — 4264347863801190407
+3179868308848698982417 — 4884830766562838937601°
+5136134162164414021632° — 40834519838668015534080¢*
+222597043391679285952512¢ — 6850743953108810858496007>
+830360981217434664960000¢ — 421859831071113216000000),  (137)
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co = 1728 (21908444'> — 1482071825¢'* +40507170144¢"* — 6684360892501 '
+8209054542408¢'! — 65000176183240¢'° — 503218239747392¢°
+31962708303867520:% — 619576476284137472¢" +75543957886852812801°
—734552219067896463361° + 571135922816871792640:*
—30951131370125483048961> + 95149221570955706368001>

— 11532791405797703680000¢ + 5859164320432128000000) .
(138)

A systematic study of the differential operators for the multiloop sunset integral will
appear in [?].

3.7 Toward a systematic approach to differential equations

In the previous section we have presented a way of deriving a differential equation
for the maximal cut of a Feynman integral based on the knowledge of its repre-
sentation as an hypergeometric function. One can as well use the series expansion
for determining the differential operator acting on this series. The Griffith method
presented in §2.3.2 using the reduction of polynomial in the cohomology unfortu-
nately does not work when there are non-isolated singularities. This is unfortunately
a rather generic case for Feynman integrals beyond the special case of the two-loop
sunset. In principle one can resolve the singularity by deforming the graph poly-
nomial by introduction a finite number of deformation parameters A = {A;} until
one has only isolated singularities. The Picard-Fuchs operator L*. Taking the limit
A — 0 would give a differential operator L2 that would factorise on the minimal
order Picard-Fuchs operator L acting on the Feynman integral. Unfortunately this
approach is not very useful in practice as the deformation increases a lot the com-
plexity of the computation.

At more systematic approach is the use of the telescoping method introduced
by [63] and developed by [64, 65] and [66]. One wants to derive an annihilating
operator L for the maximal cut integral 7 in (14).

Let first illustrate the idea of the method on a multi-parameter one dimensional
integral

b
18)= [ ). (139)
We want to construct an operator P of the form
d
P:= T(éaé)—i—EC(x,é,&i) (140)

This clearly implies that
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T(EANE) = [ LC00E,9)f(0,8) = —Clr. .00 fE)| . aan

- = a dx - = x=a
In the case that the Griffith method work this gives the same answer but the advan-
tage of the method is that the algorithm works as well when there are non-isolated
singularities. For the case of multidimensional variables integrals one just apply the
same method iteratively.

Because we know that Feynman integrals are annihilated by a finite order
differential operator because the dimension of master integrals (or the system
of Gauss-Manin connection) is finite [42, 67] the creative telescoping algorithm
in [63, 64, 64, 66] will finish in a finite time although this may take a long time
for complicated Feynman graphs.

This provides a direct approach for finding the differential equation for Feynman
integrals.

4 Analytic evaluations for sunset integral

In this section we give different analytic expressions for the two-loop sunset integral.
In one form the two-loop sunset integral is given by an elliptic dilogarithm as review
in §4.1 or as a ordinary trilogarithm as reviewed in §4.1. In §4.3 we explain that the
equivalence between the two expressions is a manifestation of the mirror symmetry
proven in [20].

4.1 The sunset integral as an elliptic dilogarithm

The geometry of the graph hypersurface is a family of elliptic curves

Ex = {pPx1xoxs — (Efxy + EFxy + E3x3) (X122 + X103 +20x3) | (x1, %2, x3) € P2}
(142)
One can use the information from the geometry of the graph polynomial and use a
parameterisation of the physical variables making the geometry of the elliptic curve
explicit.
The elliptic curve & can be represented as C* /¢” where ¢ = exp(2in7) and 7 is
the period ratio of the elliptic curve. There a six special points on the elliptic curve
&% the three points that intersect the domain of integration

P :=[1,0,0], P, :=[0,1,0], P;:=[0,0,1], (143)
and three other points outside the domain of integration

0 := [O’_§327€22]7 0= [—532,0,512], 03 := [_5127622’0} (144)
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If one denotes by x(P;) the image of the point P in C* /¢% and x(Q;) the image of
the point Q; we have x(P) = —x(Q;) withi=1,2,3

(61 (X(Pi)/x(Pj)))z Sk (145)

0.(x(P)/x(P)) — ViE&;"

with (i, j,k) a permutation of (1,2,3) and ¢ a permutation of (2,3,4).° It was shown
in [20] that the sunset Feynman integral is given by

1012 (1 (35) (3 - () o

where E5(x) is the elliptic dilogarithm

A

Ey(x) =Y (Li, (¢"x) — Li, (—¢"x)) — Zl (Li, (¢"/x) =Li, (=¢"/x)) . (147)

n>0

The J-invariant of the sunset elliptic curve is

(B-u2)?
Jo =256—7— 148
S] 4 _ L{é Y ( )
where the Hauptmodul is
R T -V (5 R R <) RO
V161678383
given in term of Jacobi theta functions
65 + 6} 65 + 67 65 — 0
= 3;‘24, 2= 3;‘227 =i % (150)
63 64 63 62 92 94
and the period is given for each pair (a,b) = (3,4),(2,3),(2,4) by
1
A
(876y635)%

is the elliptic curve period which is real on the line r < (&; + & + &)
By using the dilogarithm functional equations one can bring the expression (146)
in a form similar to the one used in [68]

3

Y Y Lir(g"x). (152)

i=1nez

% The Jacobi theta functions are defined by 6:(g) := Zq% L1 (1= g")(1+ %)% 65(q) =
1 1
o1 (1-¢")(1+4¢"2) and 64(q) == [T,>1 (1 —¢")(1 —¢""2)%
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This representation needs to be properly regularised as discussed in [68] whereas
the representation in (147) is a converging sum. An equivalent representation used
multiple elliptic polylogarithms [14—19] this representation has the advantage of
generalising to other graphs [69-74].

For the all equal masses case, 1 = & = &, = &, the family of elliptic curves
&y = {p2x1x2x3 — (1 +x2 +x3) (122 +x1 %3 + xX2x3) = 0] (3, X2, %3) € IP’2}, (153)

defines a pencil of elliptic curves in P? corresponding to a modular family of elliptic
curves f: &5 — X1(6) = {t € C|Sm(7) > 0} /I3 (6) (see [61]). When all the masses
are equal the map is easier since the elliptic curve is a modular curve for I3 (6) and

the coordinates of the points are mapped to sixth root of unity x(P) = ¢ and
x(Q)) = —e’¢" with r=1,2,3.
The integral is expressed as the following combination of elliptic dilogarithms

2
I@(pz, 1,1,1) = @.(¢)(ir —logq) —6wr§tp ) Es(q), (154)
where the Hauptmodul
5
2 n(q*) (n(f))
p-=9+72 , (155)
n(g*) \ n(q)
and the real period for p* < & 12 + 522 + 532
T 6 6
(D-r(pZ) _ 77(61) 77(61 ) (156)

CV3N@)n(@)?

In this case the elliptic dilogarithm is given by

Eo(q) = —% X (Liz (467) +Liz (4"68) ~ Liz (4"¢2) ~ Liz ("))

[ : , ,
+ 4 (Lio (&) +Liz (&) —Li2 (62) ~Liz (&) ) - (157)
l
which we can write as a g-expansion
1 — 1)k sin(2®) + sin(22Z)
E@(q):i Yy ( k)Z 3]_qk 3 2. (158)

keZ\{0}
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4.2 The sunset integral as a trilogarithm

In this section we evaluate the sunset two-loop integral in a different way, leading
to an expression in terms of trilogarithms. We leave the interpretation of the two
equivalence with the previous evaluation to §4.3 where we explain that these results
are a manifestation of local mirror symmetry.

We introduce the quantity the logarithmic Mahler measure Ry(p?, 52)

; . _ _ dlogxdlo
Ro(pPxi®) = —im+ | log(p? — (Efx+ E2y+ &) (x 'y ! 41) Too D8
Ix|=lyl=1 (2mi)
(159)
which evaluates to
2 naél 7527&3) (160)

Ry =log(— Z
n>1

where Ac(2,n,E2,E2,E2) is defined in (125). Differentiating with respect to p?
leads to maximal cut

d
ol 6. 83.60) = a)(p?, 62,8282, (161)

where néz) (p?,E2,E2,E2) is defined in (124). It was shown in [20] that the sunset
integral has the expansion

Io(p%,8%) = —2innl (1,8%) | 3R3+ Y 4 1—€R0)Nel,éz,53H€M fifo
- - 0+l +3=(>0 i=
(£1,62,3)€N3\(0,0,0)
(162)
where the invariant numbers Ny, ¢, ¢, can be computed from the Yukawa cou-
pling (119) using [20, proposition 7.6]

-3 6 2 2_4 2(£2 2 2 2
2 )4 D +c5+63)+
6 Z KSNkl,ﬁz,/ngéHé;% :( ( )2 - (fl & ‘53) . (ad B .U4)
0+l +3=(>0 i=1 P (p )( S ( 5 )3
(£1,62,63)€N3\(0,0,0)
(163)

These quantities can be expressed in terms of the virtual integer numbers of rational
curves of degree ¢ = ¢ + ¢, 4 {3 by the covering formula

1
Noy oy 03 = Z —3hey 6 b - (164)

4 bl
d|ly,0,03 ardrd

A first few Gromov-Witten numbers are given by (these invariants are symmetric in
their indices so list only one representative)
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(£1,02,3)|(100) (11268) (110)|(210)[(111)|(310)[(220)| (211)|(221)

Noow | 2 [2/8] 2] 0 | 6 | 0 |-1/4 4] 10| U6
mo | 210|210 6] 0] 04|10

(41,6, 63)[[(410)[(320)[(311)(510)[(420)[(411)] (330) [(321)] (222) |
Noois ] O] 0] 0] 0] 0] 0 |—2/27] —1 |—189/4] (166)
noiis || 0 | 0 ] 0 ] 0] 0] 0] 0 | —1] —48

Introducing the variables Q; = éizeRO we can rewrite the sunset integral as

I@(pzaéz) < d )2 d s
i ? 2\ - F(pHEL 83,8, (67
2inal (p?, &%) 20\ Jiogo) ~atogo )7 &.6:.8), (67

where is the local Gromov-Witten prepotential for the Calabi-Yau 3-fold with given
as the total space of the anti-canonical line bundle of the dPs del Pezzo surface
computed in [21]

3
F(p*E8,8.88) =020+ Y myneLis([JE70").  (168)
i=1

(k1,k2,k3)>0

andLiz =Y ,5x"/ n? is the trilogarithm. How the dPs del Pezzo surface arises from
the sunset graph is discussed in §4.3.1. In §4.3 we will explain that these numbers
are local Gromov-Witten numbers Ny, ¢, ¢, and the sunset Feynman integral is the
Legendre transformation of the local prepotential as shown [20].

Using the relation between the complex structure of 2in7T = logg of the elliptic
curve and Ry (see [20, proposition 7.6] and §4.3)

3 3
i
logg=2) log(Q})~ Y. ENyws ][]0 (169)
i=1 L+l +l3=(>0 i=1
(£1.62,63)€N3\(0,0,0)

one can check the equivalence between the expressions (146) and (162).

4.2.1 The all equal masses case

In this section we compute the local invariants for the all equal masses case & =
&, = & =1 the sunset integral reads
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2
P10 =28 (L0 3R+ Y 6(1—C1ogQ)Ny, 1, O
L)+l +3=(>0
(£1,£2,03)€N3\(0,0,0)

(170)
with Qg = exp(Rp) where

0 2
Ro=—log(—p*)+ ), <> , (171)
= p1+pa+p3=t pilp2!ps!

and using the expression for p? in (155) we have that

3

Ro(g) = im+logg— Y (—1)" 1( )nLl ") 172)
n>1 n

where (=2) =0,1,—1 forn=0,1,2 mod 3. The maximal cut in (112) reads

2 (2) n(¢*)°n(4’)
PN = n(q)*n(g®)?" a7

We recall the p? is the hauptmodul in (155). The Gromov-Witten invariant N; can
be computed using [20, proposition 7.6]

6

6-Y N = 5 . (174)
=1 P2 =1)(p*=9) (27 (9))?
Introducing the virtual numbers n, of degree ¢
1
Ng:2d3nz, (175)

dJe
we have
m/6=1,—1,1,-25 —14,42 —136,465,—1655,6083, —22988, (176)
88907, —350637, 1406365, —5724384,23603157, —98440995,
414771045, —1763651230,7561361577, —32661478080,

142046490441, —621629198960,2736004885450,
—12105740577346,53824690388016, . ..

The relation between Q and g

0=—q[[(1—¢")*";  8(n):= (-1 (‘) : (177)

n>1
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which we will interpret as a mirror map in §4.3, in the expansion in (170) gives the
dilogarithm expression in (154).

4.3 Mirror symmetry and sunset integral

In this section we review the result of [20] where it was shown that the sunset two-
loop integral is the Legendre transform of the local Gromov-Witten prepotential and
that the equivalence between the elliptic dilogarithm expression and the trilogarithm
expansion of the previous section is a manifestation of local mirror symmetry. The
techniques used in this section are standard in the study of mirror symmetry in string
theory. We refer to the physicists oriented reviews [48,49] for some presentation of
the mathematical notions used in this section.

4.3.1 The sunset graph polynomial and del Pezzo surface

To the sunset Laurent polynomial

1 1 1
P@(p2a éza-xl ,.sz,.X3) = Pz - ()C1€12 +X2€22 +X3§32) < +—+ ) ) (178)
- X1 X2 X3
we associate the Newton polyhedron in figure 1. The vertices of the polyhedron are
the powers of the monomial in x| and x, with x3 = 1.

~€31(0,-1) —& (1,-1)

Fig. 1 The Newton polyhedron associated with the sunset second Symanzik polynomial. The co-
ordinates (a,b) of the vertices we the powers of x%y? and we give the value of the coefficient in

¢<:)‘(p27§27x7y7 l)
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This corresponds to a maximal toric blow-up of three points in P? leading to a del
Pezzo surface of degree 6 %3.” The hexagon in figure 1 resulted from the blow-up
(in red on the figure) of a triangle at the points P, =[1:0:0], b =[0:1:0] and
Py =[0:0: 1] by the mass parameters see [61, §6] and [20, §4]. The del Pezzo 6
surfaces are rigid.®

Notice that the external momentum p? appears only in the centre of the Newton
polytope making this variable special.

One can construct a non-compact Calabi-Yau three-fold .#, defined as the anti-
canonical hypersurface over the del Pezzo surface #3. This non-compact three-fold
is obtained as follows [20, §5]. Consider the Laurent polynomial

Fo=a+bu®>v ' +ecu v+ u_lv_lql)@(pz,éz,xl ,X2,X3), (179)

with a,b,c € C*. Its Newton polytope A is the convex hull of {(0,0,2,—1),
(0,0,—1,1),Ag x (—1,—1)} where A5 is the Newton polytope given by the hexagon
in figure 1. The newton polytope A is reflexive because its polar polytope A° :={y €
R*|(y,x) > —1,Vx € A} = convex hull{(0,0,1,0),(0,0,0,1),6A2 x (=2,-3)} is
integral. Notice that for the sunset polytope is self-dual Ao = AZ. A triangulation of
A gives a complete toric fan” on A°, which then provides Fano variety P4 of dimen-
sion four [76]. For general a,b,c and the generic physical parameters p?, &2, &2, 7
in the sunset graph polynomial, the singular compactification .#5 := {F =0} is
a smooth Calabi-Yau three-fold. This non-compact Calabi-Yau three-fold can be
seen as a limit of compact Calabi-Yau three-fold following the approach of [26]
to local mirror symmetry. One can consider a semi-stably degenerating a family of
elliptically-fibered Calabi-Yau three-folds .#, to a singular compactification .Z
for z = 0 and to compare the asymptotic Hodge theory'" of this B-model to that of
the mirror (elliptically fibered) A-model Calabi-Yau .#5. Both .# and .3 are
elliptically fibered over the del Pezzo of degree 6 %3. Under the mirror map we
have the isomorphism of A- and B-model Z-variation of Hodge structure [20]

H (M) 2 HY (M) (180)

7 A del Pezzo surface is a two-dimensional Fano variety. A Fano variety is a complete variety whose
anti-canonical bundle is ample. The anti-canonical bundle of a non-singular algebraic variety of
dimension # is the line bundle defined as the nth exterior power of the inverse of the cotangent
bundle. An ample line bundle is a bundle with enough global sections to set up an embedding of
its base variety or manifold into projective space.

8 The graph polynomial (48) for higher loop sunset graphs defines Fano variety, which is as well a
Calabi-Yau manifold.

9 The fan of a toric variety is defined in the standard reference [75] and the review oriented to a
physicts audience in [49].

19 Feynman integrals are period integrals of mixed Hodge structures [28,77]. At a singular point
some cycles of integration vanish, the so-called vanishing cycles, and the limiting behaviour of the
period integral is captured by the asymptotic behaviour of the cohomological Hodge theory. The
asymptotic Hodge theory inherit some filtration and weight structure of the original Hodge theory.
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This situation is not unique to the two-loop sunset. The sunset graph have a re-
flexive polytopes containing the origin. The origin of the polytope is associated
with the coefficient p?> — Y7, éiz, and plays a very special role. The ambient space
of the sunset polytope defines a Calabi-Yau hypersurfaces (the anti-canonical divi-
sor defines a Gorenstein toric Fano variety). Therefore they are a natural home for
Batyrev’s mirror symmetry techniques [24].

4.3.2 Local mirror symmetry

Putting this into practise means recasting the computation in §4.2 and the mirror
symmetry description in [20, §7] in the language of [21], matching the computation
of the Gromov-Witten prepotential in [21, §6.6].

The first step is to remark that the holomorphic (3,0) period of Calabi-Yau three-
fold .4 reduces to the third period Ry once integrated on a vanishing cycle [78,
Appendix A], [79, §4] and [20, §5.7]

1 duNdv A Ndxy Nd
/ Res. —o ( e ”)«Ro@z,éz), (181)
vanishing cycle F@ Uuvx1Xxp -

where F is given in (179) and Ry (p27 52) is given in (159). This second period is

related to the analytic period near p*> = oo by néz) (pz,éz) = diszo(pz,éz).”
The Gromov-Witten invariant evaluated in (165) §4.2 are actually the BPS num-
bers for the del Pezzo 6 case evaluated in [21, §6.6] since

3 3 .

Vi 20 T 20; iR

Ney0,.04Rp Hét = Z n€|.€2753L13(H§i eit0), (182)
{++H3=(>0 i=1 (71,02,03)€N3\(0,0,0) i=l

(£1,62.03)€N3\(0,0,0)

where we used the covering relation (164). With the following identifications 20 =
1, 0y = E2eRo, O3 = E2eR0 and Q4 = EZef0, the expression in (182) reproduces
the local genus 0 prepotential Fy = F§1%% + Yger2(uz) ng Li3 ([T, Q") computed
in [21, eq.(6.51)] with F§' =TT?_, (Ro +log(&?)) in our case. A proof that the all
loop order sunset Feynman integrals compute the genus O relative Gromov-Witten
invariants will be given in [?].

From the complex structure of the elliptic curve we define the dual period
i (p?, & 2 = Zinrﬂg ) (%, & %) one the other homology cycle. Which gives the dual

third period R, such that nl(z) (p27§2) = dd7R1 (pz,éz). This dual period R is there-

1 1t has been already noticed in [80] the special role played by the Mahler measure and mirror
symmetry.

12 We would like to thank Albrecht Klemm for discussions and communication that helped clari-
fying the link between the work in [20] and the analysis in [21].
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fore identified with the derivative of local prepotential Fy

0
27R1 = SRy 0 (183)
0
3
= Z (Ro+ log(éiz))(RO —|—10g(€j2)) - Z INy, 0, 14 Héi%"e["RO ,
1<i<j<3 L+l +3=0>0 i=1

(€1.62.03)EN3\{0,0,0}

as shown in [20, theorem 6.1] and [20, Corollary 6.3]. With these identifications it is
not difficult to see that the sunset Feynman integral is actually given by the Legendre
transform of R

Io(p%, &%) = —2inal (p?,6%) <8RORO_R1) . (184)

This shows the relation between the sunset Feynman integral computes the local
Gromov-Witten prepotential. The local mirror symmetry map Q <+ g given in the
relations (169) and (177) maps the B-model expression, where the sunset Feynman
integral is a elliptic dilogarithm function of the complex structure log(g)/(2im) of
the elliptic curve and the A-model expansion in terms of the Kihler moduli Q;.

5 Conclusion

We have reviewed the toric approach to the evaluation of the maximal cut of Feyn-
man integrals and the derivation of the minimal order differential operator acting on
the Feynman integral. We have explained that recent algorithms based on Creative
Telescoping provide a direct way of deriving differential equations for Feynman
integrals. On the particular example of the sunset integral we have shown that the
Feynman integral can take two different but equivalent forms. One form is an el-
liptic polylogarithm but it can as well expressed as standard trilogarithm. We have
explained that mirror symmetry can be used to evaluate around the point where
p? = oo, The expressions there makes explicit all the mass parameters. One remark-
able fact is that the computation can be done using the existing technology of mirror
symmetry developed in other physical [21, 25, 26] or mathematics [27] contexts.
This analysis extends naturally to the higher loop sunset integrals [?,23]. The el-
liptic polylogarithm representation generalises to other two-loop integrals like the
kite integral [81-83] or the all equal masses three-loop sunset [62]. This representa-
tion leads to fast numerical evaluation [82]. But it has the disadvantage of hiding all
the physical parameters in the geometry of the elliptic curve. The expression using
the trilogarithm has the advantage of making all the mass parameters explicit and
generalising to all loop orders since the expansion of the higher-loop sunset graphs
around p*> = oo makes explicit the Kihler parameters which are proportional to the
mass parameters [?].
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It is natural to ask how generic is the appearance of Calabi-Yau geometry and the
role of mirror symmetry in the evaluation of Feynman integrals? It is still too early
to give a precise answer but various recent work have pointed out that Calabi-Yau
manifold arises more often than expected from graph polynomials [84,85] following
an earlier argument by Francis Brown in [86, §12.7]. As we explained in §3.1 the
graph polynomial is an homogeneous polynomial of degree L+ 1 in n variables. The
sunset family where n = L+ 1 seems special as this is naturally associated with a
Calabi-Yau geometry as explained in §4.3.1. It was actually argued in [84, 85] that
for Feynman graphs with massless internal propagators, one can perform at most n —
1—(L+1)D/2 integration and bring the denominator of the integrand into a form of
a product of powers of homogeneous polynomials P;(x) with a degree matching the
number of variable, therefore leading to the Calabi-Yau condition of [86, §12.7]. We
leave the investigation of this intriguing property of Feynman integral to a further
study.
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